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KAZIM BUYUKBODUK 

Abstract. In this paper we study Kolyvagin Systems, as defined 
in |MR04j . over the cyclotomic Zp-tower for a Gal((Q/Q) represen- 
tation T, which is free of finite rank over Zp. We prove, under 
certain hypotheses, that the module Kolyvagin Systems over A is 
free of rank one over the (cyclotomic) Iwasawa algebra A. We in- 
clude a conjectural picture, in the spirit of |PR95| and 'RubOO| §8, 
about how to relate the Kolyvagin Systems to p-adic i-functions. 
We also study the Iwasawa theory of Stark units via the perspective 
offered by our main theorem, and provide a strategy to deduce the 
main conjectures of Iwasawa theory for totally real number fields. 
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1. Introduction 

Kolyvagin's machinery of Euler Systems is a powerful tool to bound 
the order of Selmer groups. It takes an Euler System (which is a 
collection of cohomology classes with certain coherence relations) as an 
input, and produces, using a descent argument, the so called derivative 
classes and these classes give the bounds we seek for. 

There is of course a considerable cost for such a useful tool: Finding 
an Euler System is an extremely difficult task. There are only a few 
Euler Sytems known to exist, all of which with great importance, and 
yet we fail to know if there should be Euler Systems in any other setting 
than these few number of instances. 

However, one may answer an existence problem for derivative classes. 
In |MR04j . the authors isolate the notion of a Kolyvagin system, which 
has the same formal properties that Kolyvagin's derivative classes have 
been formerly recognized to have, except that Kolyvagin Systems are 
supposed to enjoy somewhat different local conditions at certain primes 
than utilized before, for example in Chapter 4 of [RubOO] . This adds 
to the level of rigidity, in fact one gains control over the size of the 
module of Kolyvagin Systems. 

Let Gq = Gal(Q/Q) be the absolute Galois group of Q, and T be 
a free Zp-module of finite rank, endowed with a continuous action of 
Gq which is unramified outside finitely many primes. Let JF denote a 
Selmer structure on T and S(jF) a finite set of places of Q that contains 
the infinite place, p and all primes where T is ramified (see Definition 
2.1.1 of |MR04] for a definition of a Selmer structure) and let V denote 
a set of rational primes disjoint from S(jF) which we will occasionally 
refer to as Kolyvagin primes. Let also X{T,J-') denote the core Selmer 
rank of the Selmer structure JF on T, as in Definition 4.1.11 in [MR04j . 

The following theorem is proved in |MR04j (Corollary 4.5.1 and 
Corollary 4.5.2) under suitable hypotheses: 

Theorem (Howard, Mazur, Rubin). Let KS (T/j9^T, JF, P) be the mod- 
ule of Kolyvagin Systems over for keZ+. Then 

• KS (T/p^T, JF, P) = 0, if the core Selmer rank A'(T, JF) is zero, 

• KS (T/p^T, JF, P) is free of rank one over 'Ljp^'L, if the core 
Selmr rank XiT^T) is one, 

• K.S{T/p'^T, J-'jV) contains a free submodule of rank r over'Ljp^'L, 
for every r, if X(T,J^) > 1. 

Therefore one has an answer when one would hope to be able to 
apply Kolyvagin's machinery, at least for the residual representations. 
Further, when the core Selmer rank is one, one can go further and use 
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above result concerning the structure of the module of Kolyvagin Sys- 
tems to obtain classes for the Zp-representation T itself (not only for 
its quotients T/p'^T), which would essentially have the same use as the 
derivative classes obtained from an Euler System. 

Mazur and Rubin also show (c./. Theorem 5.3.3 in |MR04] ) how to 
obtain Kolyvagin Systems over the cyclotomic Iwasawa algebra starting 
from an Euler System in the sense of |RubOOj . From that, one expects 
to be able to prove one divisibility in main conjectures of Iwasawa 
TheorjQ. Once again, one may wonder how often Kolyvagin system is 
likely to have some use, in the sense that if there should exist Kolyvagin 
Systems over an Iwasawa algebra in general. This is what we answer in 
this paper. Let T* = Hom(T, Qp/Zp(l)) be the Cartier dual of T and 
let A = T^Xp Qp/^p- Let also le denote a fixed inertia subgroup of Gq 
at i, and let Qoo be the cyclotomic Zp-extension of Q, T := Gal(Qoo/Q) 
be its Galois group, A := Zp[[r]] be the cyclotomic Iwasawa algebra. 

Let J-'can denote the canonical Selmer structure on T A (defined 
as in §2.11 below), and let X(T,J^ca.n) denote the core Selmer rank of 
the canonical Selmer structure J-'can on T (see |MR04j Definition 4.1.11 
and Theorem 5.2.15 for a definition). 

Let KS(T A , J^can) denote the A- module of Kolyvagin systems for 
JFcan on T ® A (defined as in § 13.21 see also Remark 13.241 for a com- 
parison of this definition to |MR04] Definitions 3.1.3 and 3.1.6), and 
let KS(T, jFcan) be the Zp-module of Kolyvagin systems for J^can on 
T (which has been studied extensively in [MR04j §5.2, see particu- 
larly |MR04j Theorem 5.2.12). 

The main technical result of this paper (c./. Theorem 13.231) shows 
that the Kolyvagin Systems exist over the cyclotomic Iwasawa algebra 
under certain technical hypotheses (see §2.21) : 

Theorem A. Assume the hypotheses in ^2.2[ . Assume further that 
the core Selmer rank X{T,J^can) of the canonical Selmer structure on 
T is one. Then 

(i) The A-module KS(T ® A , J^can) of Kolyvagin Systems for Tcan 

onT ® K is free of rank one over A. 
(ii) The specialization map 

KS(r ® A , J-ean) — KS(r, T^an) 

is surjective. 

-"^However one should also relate the Kolyvagin system to the L-values using an 
independent recipe, which we will briefly discuss in Section 3] below. The necessary 
tool for that, conjecturally, is Perrin-Riou's logarithme elargi, see |PR95j . 
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Any element of KS(T ® A,jFcan) will be called a A-adic Kolyvagin 
system. 

Before we explain our strategy to prove above theorem, we would 
first like to discuss its consequences in several aspects. When T = 
Zp(l) ® x~^i where x is an even Dirichlet character, the Kolyvagin 
system Theorem A proves to exist comes from the cyclotomic unit Euler 
system (via the Euler system to Kolyvagin system map of Mazur and 
Rubin, c.f. |MR04j Theorem 5.3.3). In fact our theorem shows that the 
Kolyvagin system which arises from the cyclotomic units Euler system 
is the "best" possible in this setting, in a certain sense. See §4. Il l for 
more details. 

When EjQ is an elliptic curve without CM such that 

• p is coprime to all its Tamagawa factors, 

• p is not anomalous for E (in the sense of Mazur |Maz72j ) , 

and T = Tp{E) is its p-adic Tate module, the Kolyvagin system Theo- 
rem A proves to exist comes from Kato's [Kat04aj Euler system (again 
via the Euler system to Kolyvagin system map of Mazur and Rubin). 
And again our theorem shows that the Kolyvagin system which arises 
from Kato's Euler system is the "best" possible in this setting. See 
§4.11 2 for more details. 

Besides these now-classical examples we mentioned above, we also 
discuss two other applications of Theorem A. First, in §4.2[ we study 
the relation of A-adic Kolyvagin systems to p-adic L-functions using 
the rigidity offered by our main result. In general, we expect that a 
certain A-adic Kolyvagin system would recover an appropriate p-adic 
L-function, after applying Perrin-Riou's [PR94b] logarithme elargi on 
the "leading" term of the A-adic Kolyvagin system. On the other hand 
Rubin describes in |RubO O] §8 (see also §4.2l below) how to construct an 
Euler system using Perrin-Riou's |PR95j module of p-adic L-functions 
(whose existence at this stage is highly conjectural). This Euler sys- 
tem, directly coming from p-adic L-functions, would give rise to a A- 
adic Kolyvagin system using the Euler system to Kolyvagin system 
map of Mazur and Rubin ( |MR04j Theorem 5.3.3) and the first part of 
Theorem A implies that the cohomology classes that we show to exist 
in this paper should be related (up to multiplication by an element 
of A) to the cohomology classes that Rubin predicts to exist ( |RubOO] 
Conjecture 8.2.6), which themselves come from the p-adic L-functions. 
Also, Theorem A can be taken as an evidence to afore mentioned con- 
jectures of Perrin-Riou and Rubin, as it proves a consequence of these 
conjectures, namely the existence of A-adic Kolyvagin systems. 
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Next in §4.31 we study the Iwasawa theory of Stark units from the 
perspective offered by Theorem A. Let F be a totally real number field, 
and r = [F : Q]. Let x be an even character of Gal(-F/F) {i.e. it is 
trivial on all complex conjugations inside Gal(F/F)) into that has 
finite order, and let be its conductor. We assume that p \ fx and 
7^ 1 for any prime p oi F over p. Assume also for notational 
simplicity that p is unramified in -F/Q. Let T = Zp(l) ®x^^ again, but 
now considered as a Gal(F/F)-representation. The main difficulty in 
this setting is that the core Selmer rank is greater than one. We show 
first how to overcome this difficulty constructing an auxiliary Selmer 
structure (denoted by Jxoo §4.3.11) modifying the local conditions at 
p, which is adjusted to have core Selmer rank one. For the construction 
of J^Xoo) we utilize a structure theorem for the semi-local cohomology 
group H^{Fp,T ® A) due to Benois |BenOOj (see also Appendix A). 
Once the auxiliary Selmer structure is constructed, we apply Theo- 
rem A to show the existence of A-adic Kolyvagin systems for these 
modified Selmer structures. On the other hand, Rubin |Rub96j shows 
that Stark elements give rise to an Euler system in this setting. If we 
apply Mazur and Rubin's Euler system to Kolyvagin system map, we 
unfortunately only obtain a A-adic Kolyvagin system for the canonical 
Selmer structure J^can on T ® A, which is coarser than our modified 
Selmer structure J-'hoo- We speculate on how to obtain a A-adic Koly- 
vagin system for the modified Selmer structure J-'h^ from the Stark 
elements, based on the methods of |Buy07a| , and on how to deduce 
the main conjectures from this A-adic Kolyvagin systems. In a future 
paper |Buy07c| , we will extend the methods of |Buy07a| to verify all 
the speculative claims in Section S31 

Let us now give a brief outline of the proof of Theorem A. Let 7 be 
a topological generator of Gal(Qoo/Q) — Zp. First step proving The- 
orem A is to construct (in §2.41) a collection of useful primes Vk,m for 
each representation m := T(^A/{p^, (7 — 1)™), which are compatible 
in a certain sense to be made precise; then to prove (in §2.7p the exis- 
tence of core vertices for the canonical Selmer structure on Here, 
a core vertex is a square free integer n which is a product of primes in 
Vk,m such that (Q, Tk^m) is free of rank one over A/ {p^, (7 — 1)™') 

and H^^^^^^y{Q,TU = 0. See |MR04] Example 2.1.8 for a definition 
of the modified Selmer structure J-'ca.n{n). 

Next, we prove (in §3.ip . mainly following Howard's arguments in 
Appendix B of [MR04j . that there is a canonical isomorphism from the 
A/ {p^, (7- l)'")-module of Kolyvagin systems KS(Tk,m , ^can , 'Pk,m) for 
the canonical Selmer structure jF^an on T^ m, onto H^^^^^,^^{Q,Tk^m), for 



6 



KAZIM BUYUKBODUK 



any core vertex n. Furthermore these isomorphisms are compatible 
with the base change maps ^ — > Tk'^rn'i which allows us to construct 
(in Section [3l2|) the sought after classes in H^{<Q,T ® A). 

Theorem A, particularly the second part, can be interpreted as a 
deformation theoretical result: We basically prove that a Kolyvagin 
system for the Zp-representation T can be deformed to a A-adic Koly- 
vagin system for the cyclotomic deformation T ® A of T. Although we 
only consider the cyclotomic deformations of Galois representations in 
this paper, our methods apply exactly the same way for other defor- 
mations of T, as long as the deformation ring is a power series ring 
(not necessarily in one variable) over Zp. For example, under the as- 
sumptions of |Och05] . an appropriate analogue for Theorem A shows 
that Kato's Euler system can be deformed to a big Euler system for 
the nearly ordinary modular deformations of the relevant Galois rep- 
resentation. 

Acknowledgements 

I would like to express my gratitude to my Ph.D. advisor Karl Rubin, 
for suggesting the problem and for many insightful discussions. 

2. Core Vertices over A 

2.1. Preliminaries. Let T be a free Zp-module of finite rank, on which 
the absolute Galois group Gal(Q/Q) acts continuously, and let V = 
T ® Qp, and A = V/T. We will denote Gq, = Gal(Q^/Q£) by V^, 
whenever we would like to identify this group by a closed subgroup of 
Gq = Gal(Q/Q); namely with a particular decomposition group at i in 
Gq. We further define Ii C Vi to be the inertia group and Fr^ G Vi/Ii 
to be the arithmetic Frobenius element at i. We also write Q"'^'' C 
for the maximal unramified subfield of Q^. 

Let A := Zp[[r]] , completed group ring of F := Gal(Qoo/Q), where 
Qoo denotes the cyclotomic Zp-extension of Q. Fixing a topological 
generator 7 of F we may identify A by the power series ring Zp[[7 — 1]] 
in one variable over Zp, and we will often do so, denoting 7 — 1 by X. 
We will consider modules Tj ■=T ® A/(/) and T^j := T ® A/(/, /), 
where A; is a positive integer and / is an element of A such that the 
quotient A/(/) is free of finite rank over Zp (such an element / of A 
will be called a distinguished polynomial) . We will let Gal(Q/Q) act 
on the tensor products above on both components. Note that, since 
the inertia subgroup In acts trivially on A for I ^ Tf (and T^j) is 
ramified at ^ if and only if T (and T/p^T) is ramified at £. 

We first recall a definition from [MR04] §2. 
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Definition 2.1. Let M be any Zp[[G'((j]] module. A Selmer structure 
JF on M is a collection of the following data: 

• a finite set S(JF) of places of Q, including oo,p, and all primes 
where M is ramified. 

• for every i G a local condition (in the sense of |MR04j Def- 
inition 1.1.1) on M (which we now view as a Zp[[D£]]-module), 
i.e., a choice of Zp-submodule 

H'^{Qe,M)cH\Qe,M) 

If £ ^ S(J') we will also write H}r{Qe, M) = iJ/(Q^, M), finite part of 
H\Qi, M) (see |MR04j Definition 1.1.6 for a definition of other types 
of local conditions that we will utilize throughout this paper). 

Definition 2.2. A Selmer triple is a triple {T,J-',V) where JF is a 
Selmer structure on T and P is a set of rational primes, disjoint from 
S(-^). 

Let J-'cs^ri be the canonical Selmer structure on T (g) A/(/) (and the 
Selmer structure on T® A/ (p^, /) which we obtain by propagating J-'can, 
as described in |MR04j Example 1.1.2, to these quotients): 

♦ S(.7-'can) = : T is ramified at i} U {p, oo}. 

♦ Local conditions are given by 

r H\Qp,Tf) , iii = p 

HkJQi^Tf) = l HliQe,Tf) , if £ G E(.Fcan) - {p, oo} 
[ i/^n,(Q^,T/) , otherwise 

where 

and for any Zp[[G'(Qj] -module M 

Hl^Mi, M) = keT[H\Qe, M) H\Qr, M)] = H\Qr/Qi, 

as in |MR04j Definitions 1.1.6 and 3.2.1. 

We also denote the Selmer structure on T^j by J-'ca.n, which is ob- 
tained by propagating the local conditions given by J^can on Tf to T^j . 

The main objective of this Section is to prove under the assumptions 
listed below, the existence of core vertices for the Selmer structure J-'can 
on Tk^m '■= 7fc,x'" (see Theorem 12.261) .. 

We will often make use of the following notation from |MR04] . For a 
definition of the local condition if^\(Q^,M) {transverse condition) for 
a Zp[[r'£]] -module M that appears below, see |MR04] Definition 1.1.6 
(also Definition 12.191 below) . 
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Definition 2.3. Let a,b,c G Z+ be pairwise coprime, and assume that 
c is not divisible by any primes in S(jF). Then we write J^^(c) for the 
Selmer structure defined by 

• ^{J^hic)) = S(J^) U{i:e\ abc} 

{H^{Qi,M) , if £ e S(J^) and £ta6 
HliQ,,M) , if£|c 
If any of a, b, c are equal to 1, we will supress them from the notation. 



2.2. Hypotheses on T. Basically, we will be assuming all the hypoth- 
esis introduced in section 3.5 of |MR04j . except for H.5 and H.6: 

(H.l) T/pT is an absolutely irreducible Fp[Gal(Q/Q)] representation. 
(H.2) There is a r G Gal(Q/Q) such that r = 1 on /Xpoo and T/(r — 

1)T is free of rank one over Zp. 
(H.3) H\Q{T,fXpo.),T/pT) = H\QiT,fXp..),T*[p]) = 0. 

(H.4) Either 

(H.4a) Hom^^j[Qai(^/Q^jj(T/pr,r*[p]) = 0, or 
(H.4b) p > 4. 

In addition to the hypothesis (H.1-4), we will need the following 
assumptions for the main results of this paper: 

(H.T) [Tamagawa Condition] A-^* is divisible for any d ^ p. 
l.sEZ) [Strong (no-) Exceptional Zero-like Condition] (T*)'^"^p is zero. 

We will also define the following weaker version of (H.sEZ): 

I^H.EZ) [(no-) Exceptional Zero Condition] (T*)^^p is finite. 

We will later define (Definition 12. 19p the transverse local conditions 
for Tfc m at suitably chosen set of rational primes Vk,m (see §2.4l below): 
and check the analogues of hypotheses H.5 and H.6 of [MR04j §3.5 
for Vk,m and J-'can{n), for integers n chosen from the set 

A4,m := {square free product of primes in Vk,m} 

2.3. Cartesian Properties for (T(8)A, jF^an)- Recall that an element 
/ G A is called a distinguished polynomial if A/ (/) is a free Zp-module 
of finite rank. Let T = {Tkj} denote the collection of quotients of T(g>A 
where / ranges over distinguished polynomials and k over non-negaitve 
integers. We also set T^j = Tf when k = oo. 

We next define what it means for a Selmer structure to be cartesian 
on T. 
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Definition 2.4. A local condition T is cartesian on T if it satisfies 
the following conditions for all places I of Q: 

(CI) (Functoriality) If / and g are distinguished polynomial and k < 
k' are positive integers then 

(CI. a) H^{Qi,Tkj) is the image of H^{Qe,Tk'j) under the 
canonical map 

H\Qe,Tk'j) ^ H\Q,,Tkj), and 

(Cl.b) H^{Qi,Tf:j) is the image of H^{Qi,Tkjg) under the 
canonical map 

(C2) (Cartesian condition over polynomials) If / and g are distin- 
guished polynomials and k G Z"^ then Hjr{Qe,Tkj) is the in- 
verse image of H^{Qi, T^jg) under the natural map H^{Qi, T^j) - 

H^{Qi, Tkjg), which is induced from the injection T^j ^fcjg; 
where [g] stands for multiplication by g. 
(C3) (Cartesian condition over powers of p) If / is a distinguished 
polynomial and k < k' are positive integers, then if^(Q^,Tfcj) 
is the inverse image of H^{Qi,Tk'j) under the natural map 
Hjr{Qe,Tkj) — > Hjr{Qe,Tk'j), which is induced from the in- 

jection Tkj — > Tk'j, where [p^ is the multiplication by 

k'—k 
p map. 

Condition CI can be replaced by the weaker 

(CI') (weak Functoriality) If / and g are distinguished polynomial 
and k < k' are positive integers then 

(Cl'.a) H},{Qi,Tkj) lies inside the image of H}r{Qi,Tk'j) 
under the canonical map 

H\Qe,Tk'j) ^ H\Qe,Tkj), and 

(Cl'.b) H}r{Qi,Tk,f) lies inside the image of H^{Qi,Tk,fg) 
under the canonical map 

which is sufficient for most of our purposes. When a Selmer structure 
JF satisfies CI', C2 and C3 we still say is cartesian on T. 

In this section, we will check the cartesian properties for J-'can (and for 
^can{n), once we define what it is in §2.5p on the collection of quotients 
T of T ® A. Recall that by propagating J^can on Tf we obtained a 
local condition (which we still denote by J-'can) on each T^j. Note that 
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the condition CI. a of Definition 12.41 is satisfied for Tcan^ by the very 
definition of Tcz.a on T. 

Since we assume p > 2, if^(]R, T) = 0, hence the local local condi- 
tions at the infinite place will forced to be zero. We therefore trivially 
have the cartesian property at oo, regardless of the choice of Selmer 
structure. 

2.3.1. Cartesian property at i ^ p. Throughout this section i denotes 
a rational prime other than p and we assume H.T, namely that A^'^ 
is divisible for all i ^ p. Note that if ^ ^ S(J^can) then A^' = A 
is already divisible (since the representation T is unramified at i), so 
H.T is satisfied for primes i ^ S(jFcan). 

Lemma 2.5. 

For all distinguished polynomials / G A, Aj'^ is p-divisible. 

Proof. Since i p, li acts trivially on A/(/), which means = 
A"^^ (g) A/(/). This completes the proof. □ 

Let Vf denote the Qp vector space Tf Qp, and Af denote Vj/Tf. 
Note that there is a natural injection Tkj — Af] in fact we may identify 
the image of T^j under this injection by the p*^-torsion subgroup ^/[p'^] 
of Af. 

Recall the definition of the unramified local cohomology group 
^unr(Q^, Vf) ■■= keT{H\Qe, Vf) H\le, Vf)} - H\Qr /Qi, Vf') 

where the isomorphism above follows from Hochschild-Serre spectral 
sequence. We define H}{<Q^^, Af) as the image of if^m,(Q^,V/) under 
the natural map 

H\q,,Vf)--^H\q,,Af). 

We further define if/(Q^, Tkj) as the inverse image of if/(Q£, Af) under 
the map 

H\q,,nj)^H\Q,,Af) 

which is induced from the injection T^j ^ Af. 

Recall that the propagation Hjr^^^{Qi,Tkj) of the local condition 
^can at i is the image of Hjr^^^^{Qe,Tf) = Hl{Q£,Tf) under the natural 
map H\Qe,Tf) H\Qi\f). 

Lemma 2.6.[Lemma 1.3.8(i) of |RubOOj ] H^^^^{Qe,Tkj) = Hl{Qe,Tkj). 

Lemma 2.7. [Lemma 1.3.5 of |RubOOj ] For any rational prime i p 
the following sequences are exact: 

(i) HiiQe, Af) HUQi, ^/) ^ >V//(Fr, - l)Wf 
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(ii) ^ HUQe,Tj) ^ HliQe,Tj) — . Wp=' 

where W/ = Af/{Af)Aw. 

As an immediate consequence of Lemma 12.71 we obtain 

Corollary 2.8. Suppose H.T holds. Then Hl{Qi,Af) = Hl^^{Qi,Af) 
and Hl^e, Tf) = Hl{Qe, Tf) for all i p. 

Corollary 2.9. Assume H.T holds. Then H^^j.{Qe,Tkj) is the image 
of H^^j.{Qi,Tf) under the map 

restricted to H^^j.{Qi,Tf) . 

Proof. By Lemma 12.61 Lemma 12.71 and Corollary 12.81 we have the fol- 
lowing diagram: 

HiiQe, Tuj) = image(i7i(Q,, Tf)) = image (i/^,,(Q,, Tj)) C H^Mi, Tuj) 



HliQ,, Tuj) = i,){H}{Q,, Af)) = L.^fiHUQe, ^/)) ^ KAQi, T,j) 

which shows that all the inequalities above are in fact equalities. This 
completes the proof. □ 

Proposition 2.10. Local conditions determined by the canonical Selmer 
structure Tcan o^^e cartesian on T (in the sense of Definition \2.4\ ) at all 
primes i ^ p. 

Proof. As we have remarked earlier, CI. a is satisfied by the definition 
of J^can on T. 

Cl.b also follows from Lemma [2. 6 [ Lemma [2.81 and Corollary 12.91 
We next check C2. Suppose / and g are any distinguished poly- 
nomials. Let Vf and Af be as above. Then we have the following 
commutative diagram with exact rows: 



(1) 











H 



,n,f) ^H\Qe,Tk,f) 



lt,Af) 



H 



H 



h , Tkjg) 



-kjg) 



HHQt,Afg) 



Rows are exact by Lemma 12.61 The vertical maps are all induced 
from the multiplication by g map 

[g] : A/(/) A/{fg) 
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Now using the Hochschild-Serre spectral sequence and using the fact 
that the cohomological dimension of Gal(Q"°''/Q£) = Z is one, we 
obtain the following diagram: 



(2) 



h,Af) 



Frp=l 



where Af{Ie) = Aj^ (and similarly Afg{Ti) = ^j^)- Further, Ti coho- 
mology of the exact sequence 



(3) 



II 

A® A/ if) 



A 



fg 



A„ 



[g] 



A^A/ifg) ^A®A/{g) 



(which exists because of the division algorithm for distinguished poly- 
nomials, see §7 of |Was82] ) gives, using the proof of Lemma [2 .Sj 

® A/if) A^' ® A/{fg) A"' ® A/{g) 

Also, since tensor ing with A''^ is right exact, the very right map in the 
above exact sequence is in fact surjective, thus the following sequence 
is exact: 

(4) O-^A"'® A/ if) ^ A^' ® A/(/(?) A"' ® A/{g) 

Further the X^-cohomology of the exact sequence ([3]) and the exact 
sequence (jl]) give rise to the following diagram with exact rows: 



fg) 



H\X,,Ag 



H\I,,Aj 



H\Ie,Ajg) 



A^' ® A/{fg) A^^ ® A/{g) 







This shows that the map H^{Ie, ,Af)^ H^{1i , Afg) and thus the map 
on the right hand side in the diagram [2] is injective (so also the map 
on the left hand side), hence 



(5) 



A, 



ker 



Ai 



A 



fg) 



-^unr( 



Af,) 
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Now, since we assumed H.T, it follows by Corollary 12.81 that 

HliQe,Af) = HUQi,Af) 



for all distinguished polynomials /. This in return implies, using 
ff,'(Q(,A/) =ker 



But this means that the rightmost map in ([1]) is injective, therefore 



which is property C2 in Definition 12. 4[ 

To check property C3 in Definition 12.41 note that by the definition 
of Hjr^^^{Qe, Tf) we have an injection 

which shows that H^{Qi,Tf) / Hjr^^^{Qe,Tf) is Zp-torsion free. Property 
C3 now follows from Lemma 3.7.1(i) of [MR04j . □ 

2.3.2. Cartesian property at p. In this section we verify that J-'can is 
cartesian on 

To = {Tfc^x"^ : k,m E Z^} C T. 

We will use Tk^m to denote T^^x™ for notational convenience. We will 
also write instead of Tx™ . 

Throughout this section we assume (H.sEZ). 

Lemma 2.11. Suppose M.sEZ holds. Then H^{Qp,T ® A) = 0. 

Proof. By local duality, H%Qp,T*) = if and only if H^{Qp,T) = 0. 
Also, since the cohomological dimension of Gq^ is 2, it follows that 

H\Qp, T ® A)/(7 - l)H\Qp, T ® A) ^ H\Qp, T) = 0. 

Proof of the lemma follows now by Nakayama's lemma. □ 

Proposition 2.12. Local conditions at p determined by the canoni- 
cal Selmer structure J-'can cartesian on Tq (in the sense of Defini- 
tion \2.4\ but T replaced by %). 

Proof. Note that CI. a is satisfied by the definition of J-'cw on %. 
The exact sequence 

H\Qp, T ® A) ^ H\Qp, Tm) H\Qp, T ® A) [(7 - 1)"] 



14 



KAZIM BUYUKBODUK 



implies, by Lemma [2. 11^ 

H'^^JQ,„Trn) = H\Q,„Tm)=imageiH\Qp,T^A)). 
Further, the GQ^-cohomology of the exact sequence 

> T^n T^n ^ Tf^^qji > 

shows that 

coker(i7i(Qp,T^) i7^(Qp, T^,^)) = H\%,T^)[p^] 
Since the cohomological dimension of Gq^ is 2, it follows that 

H\%, ^ H\Qp, T ® A)/(7 - IT'H^Q,, T ® A), 
and this is zero by Lemma I2.11[ These arguments prove that 

= image(i/i(Qp, T ® A) H\Qp, Tu,n)) 
It now follows from ([6]) that J-'ca.n satisfies Cl.b, C2 and C3. 



□ 



Remark 2.13. For condition C2 to be satisfied H.EZ alone is not 
sufficient; we indeed need to assume H.sEZ holds true. This is what 
we check in this paragraph. Suppose H.EZ holds and C2 is satisfied. 
We will show that then H.sEZ holds as well. 
We have the following diagram with exact rows: 

H\%.T{) -i/HOp-^M) -if2(Qp,Ti)[/] -0 



[X" 



H\%.Tm+i) H\Qp.Tk,„,^{) H\Qp, T„+i)[/] 

If C.2 is true, then this means the map on the very right is injective. 
Set M = H'^{Qp,T®k). It is well known that M is a finitely generated 
torsion A-module (c./. |PR94bj Proposition 3.2.1). Let char(M) denote 
the characteristic ideal of M. Then H.EZ essentially is equivalent to 
saying that X does not divide char(M); which in return implies that 
M/X'^M is finite for all r G Z+. 

On the other hand, since the cohomological dimension of Gq^ is 2, 

H\%,T^) = M/XM, and H\Qp,Tm+i) = M/X^^+^M 
canonically; hence the map is the map on the very right is 

[X"^] : {M/XM}[p^] — > {M/X'^+^Mlf/] 
Further, by above remarks, one can choose k large enough so that 
{M/XM}[p'=] = M/XM, {M/X'^+^M}[p'=] = M/X'"+^M. 
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Now the kernel of the map on the very right is (M[X'^] + XM)/XM 
(for sufficiently large k), which has to be trivial since the map on the 
right is injective. This means M[X'"] C XM for all m. Let M[X°°] : = 
U^^z+MlX""]. Then M[X°°] C XM; which shows that M[X°°] is in 
fact X-divisible. But since M is finitely generated this is impossible 
unless M = 0, i.e. unless H.sEZ holds. 

2.4. Choosing a set of Kolyvagin primes. In this section we show 
how to choose the set of primes Vk,m as promised at the end of §2.21 
Let T be as in hypothesis H.2. Given positive integers k,m we define 

Vk,m ■■= {i ■■ Fr£ is conjugate to r in Gal(Q(T//+'"T, /ipfc+™+i)/Q)} 

where Q(T/p^+™T, yUpfc+m+i) is the fixed field in Q of the kernel of the 
map 

Gq — > Aut (T//+™T) © Ant{fipk+m+i). 

Note that Vk,m depends only on + m; we therefore define Vk+m '■ = 
Vk,m- We set V := V2 = Note also that Vj C Vi for all j > i. 

Remark 2.14. If £ G Vk,m, then by definition Fr^ is conjugate to r in 
Gal(Q(/ipfc+™+i)/Q) hence 

£ = l(mod/+"^+^) 

since r = 1 on fipk+,n+i. 

Lemma 2.15. Suppose i G Vk,m- Then Fr^ acts trivially on A/ [p^, X™) . 

Proof. Let 7 be the fixed topological generator of F such that 7 — 1 
corresponds to X under the identification of A with Zp[[X]]. Fr^ acts 
on A through its reduction Gal(Q/Q) — > Gal(Qoo/Q) = F. Let 
be the image of Fr^ under this map, then since Fr^ is conjugate to r in 
Gal(Q(T/p'=T )/Q) (thence in Gal(Qfc+m/Q) as well) it follows 

that Fr£ = 7" , and a has p-adic valuation at least k + m , because 
r = 1 on /ipfe+m+i. Note further that 

7" = (7 - 1 + 1)° = (7 - 1)° + 1 = 1 mod (p^ (7 - 1)™) 

which completes the proof the Lemma. 

□ 

Lemma 2.16. For any i G Vk,m , Tk^m/iFie — l)Tk^Tn is free of rank 
one over A/{p^ jX"^) . 
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Proof. By lemma [2.151 

(Fr, - l)Tk,m = [(Fr, - 1)(T//T)] ® A/(X'") 
But (Fr^ - 1)(T//T) = (/T + (Fr^ - 1)T)//T, so 

(7) (Fr, - l)Tk,m = {p'T + (Fr, - 1)T)//T ® A/(X'") 

Since A/(X'^) is a free Zp-module, the functor [— A/X™] is exact. 
Therefore, it follows from ([7]) that 

(8) T,,^/(Fr, - l)Tfc,„ = T/(/T + (Fr, - 1)T) ® A/(X") 

The assumption on i that Fr^ is conjugate to r in Ga\{Q{T/p^T) , Q) 
together with the hypothesis H.2 shows that T/{j)^T + (Fr^ — 1)T) is 
free of rank one over Z/p'^Z. Now using ^ the proof of the Lemma 
follows. 

□ 

Note that, by the observation in Remark 12. 141 it follows that 

|F,^|-Tfe,„= (£-l)-Tfc,„ = 0, 

hence all the results proved in Section 1.2 of |MR04] holds with the 
choice R = A/ [p'', X"*) and the free i?-module Tk,m of finite rank. We 
record these results for future reference: 

Lemma 2.17. [Compare to |MR04j Lemma 1.2.1] Assume i G Vk,m,- 
There are canonical functorial isomorphisms 

(i) Hi{Q,,Tk,^) ^ n,j{Fi, - 

(ii) ifi(Q,,T,,J®F,>^-Tjr' 

Lemma 2.18. [Compare to [ MR04 j Lemmal.2.3] A ssume i G Vkm- 
Then the finite-singular comparison map (for a definition see |MR0 4J Def- 
inition 1.2.2) 0f : Hl{Qe,Tk,m) H^{Qi,Tk,J) is an isomor- 
phism. In particular both Hl{Q£,Tk^m) o,nd H^{Q£,Tk^rn) o-f^^ fi"^^ of 
rank one over A/(p'^, X™). 

2.5. The Transverse Condition. In this section we define and study 
the properties of the transverse condition at primes i G Vk,m- Compare 
the facts we record in this section to |MR04j Definition 1.1.6(iv), §1.2 
and Lemma 3.7.4. 

Definition 2.19. Let fie denote group i-th roots of unity inside Q^. 
The submodule 

chosen as the local condition at i is called the transverse condition. We 
denote this submodule by if^lQ^) 
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As we remarked in the previous section, if £ G Vk,m, then results 
from Section 1.2 of |MR04j still apply. In particular: 

Lemma 2.20. The transverse subgroup Hlj.{Qe,Tk^m) C H^{Q£,Tk,m) 
projects isomorphically onto H^{Qi,Tk^m) in the exact sequence 

H}{Q,, Tk,m) H\Qe, T^,™) H^{Qe, Tk,n.) 

In other words, above sequence has functorial splitting 

H\Qe,Tk,m) = Hl{Q^,Tk,m) © Hl{Qe,Tk,m) 

2.6. Cartesian Property of J-'canin). Set 

A4,m := {square free product of primes in Vk,m}- 

In this section we verify that the modified Selmer structure J-'can{n) 
(recall Definition [23]) is cartesian on the collection of A- modules Tk^m = 

{Tl,n}l<k,n<m, foT all U G Afk,m- 

Proposition 2.21. [Compare to |MR04] Lemma 3.7.4] The transverse 
condition at i ^ Vk,m is cartesian on Tk^m- 

Proof. Let n < N < m and I < L < khe positive integers. For i G Vk,m 
we have, by Lemma [2.201 the following commutative diagram: 

^ H^,{Qi, Tl,n) H\Qi, Tl,n) H}{q,, Tl,n) 

^ HiiQi. Ti,n) H\Q^, Ti^n) H}{Q,, Ti,^) 
where the vertical maps are induced by canonical surjection 

This diagram shows that 

HIM,Tl,n) = keT{H\Qe,TL,N) iff^(Q^, T^.tv)) 
is mapped into 

under the map H^{Qi,TL^iy) — > iJ^(Q^, T;^„). This shows that the 
transverse condition satisfies CI'. 
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Again using Lemma 12.20^ we have the following commutative dia- 
gram, where the isomorphisms on the right are from Lemma [2.171 



(9) 



k,N 



Since Tfc,„/(Fr£ - l)Tfc,„ (resp.Tfc,Ar/(Fr^ - l)Tk,N) i s free of rank one 
over A/(p^, X") (resp. over A/(p^ , X^)) by Lemma[2]T8l and the map 

[X^~"] : A/(/ , X") A/(/ , X^) 

is injective, it follows that the the vertical map on the right is injective. 
So if c G H^{Qi,Tk^n) and [X^~"]c projects to zero in Hl{Qi,Tk^j^) , 
then c projects to zero in if/ (Q^, Tfc^„), i.e. 

c e ker{H\Qi,Tk,n) H^{Qi,Tk,n)} = Hl{Q,,Tk,n) 
provided 

[X^-"]c e keT{H\Qe,Tk,N) if/(Q£, T^,^)} = HlM,Tk,N) 
This shows that 



["Y" A —71 I 



which is property (C.2) for the transverse condition on Tk^m- 
One can similarly prove, for positive integers I < L < k, that 



for all n < m, which is property (C.3) for the transverse condition on 

Using Propositions 12.101 12.121 and 12.211 we obtain the following 
Corollary 2.22. Suppose n G J\fk,m- Then J-'ca.nin) is cartesian on 

Remark 2.23. Corollary 12.221 has the following consequences for the 
Selmer modules: 

Suppose k > L > I and m > S > s are positive integers, and 
n ^ A/fc,m- Then 

(i) The image of i/],^^^(^)(Q, Tl^s) lies in i7}-^^^(„)(Q, T,,,) under the 
natural map 
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(") ^k.nin)('^^^L,s) is the pre-image of H^^^^^^^{Q,Tl,s) under the 
map 

H\Q,Tl,s) °' ^ H\Q,Tl,s) , and 

^^c.n(n)(Q'^^-s) is the pre-image of H^^^^^^^{Q,Tl,s) under the 
map 

H\Q, Ti,s) ^^^^ H\Q, Tl,s). 

2.7. Core Vertices for the Selmer Triple (J-'can, Tk,mi 'Pk,m)- Through- 
out this section we assume hypotheses H.1-H.4 as well as H.Tand 
e.sEZ. Let T := T/pT = Tk,^/{p,X)Tk,m = Ti^i be the residual 
representation. 

Definition 2.24. If n G Mk^m and 

• i7}._(„)(Q,Tfc,^) is a free Rk,m := A/(/, X-)-module, 

we say that n is a core vertex (for the Selmer triple (J^can, Tk^m, 'Pk,m))- 

By |MR04j Corollary 4.1.9, one can find core vertices n G N'k,m for 
the Selmer triple {J^cs.n,T = Ti^i,Vk,m)- 

Definition 2.25. The core Selmer rank of the Selmer structure !Fcan 
on Ti l is the dimension of the Fp- vector space if^^^^(.^^(Q, Ti i) for any 
core vertex n. By Theorem 4.1.10 of |MR04] . this definition makes 
sense. We denote the core Selmer rank for J^^an on T by X(T,J^can)- 

We assume until the end of this paper that the core Selmer rank 
X{T,J^can) of the canonical Selmer structure J-'can on T is one (except 
for §4.31 where we construct another Selmer structure with core Selmer 
rank one). Making use of the afore mentioned Corollary 4.1.9 of |MR04] 
we will construct core vertices for the Selmer triple {J-'can,Tk,m,'Pk,m)'- 

Theorem 2.26. Let n be a core vertex for the Selmer triple ( J-'can, T, Vk,m) ■ 
Suppose the core Selmer rank X{T , J^^an) of the Selmer structure J^can 
on T is one. Then 

(i) H}p (^n)^'Q.,Tk,m) is free of rank one over A/ {p'' , 

We remind the reader that an integer n G A/fc,m satisfying the condi- 
tions (i) and (ii) in Theorem 12.261 will be called a core vertex for the 
Selmer triple {J^can,Tk,m,'Pk,m)- 
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Before proving this theorem, we will need several preliminary results. 
Recall that hypotheses H.1-H.4 as well as H.T and H.sEZ are in effect 
throughout this section, as well as the assumption that X{T, J^can) = 1- 

Lemma 2.27. Suppose n G J^k,m- Then the injection 

: Ti,^ = T0 A/(p, X-) T A/(p^ X-) = Tk,m 

induces isomorphisms 

Proof. Set T := T ® A and let Ai := {p, X) be the maximal ideal of A. 
Then note that T/A4T = T/pT, therefore, since we assumed H.3, it 
follows (T/A^T)^« = 0. Then, by Lemma 2.1.4 of |MR04j . S^^ = for 
every subquotient S" of T as well. In particular = for all positive 
integers k,m. 

Now the cohomology of the exact sequences 

pfc— 1 

-Ti ^ Tk-l,m ^ 



-^fc— l,m T^ fYi 

gives (together with the vanishing of S'^'^ for the relevant quotients of 

T) 

H\Q, Ti,^) ^ if^(Q, Tk,m) — H\Q, n.i,m) 



H\Q, Tfc„i,„,) H\Q, T,,,„) 

This shows 

i/i(Q,Ti,„) = ker(^) 

= ker([p] o g) 

= H\Q,n,m)[p] 

(The second equality is because [p] is injective on H^{Q,Tk-i,m), and 
the last equality is because [p] o g on H^{Q,Tk m) is multiplication by 

This proves the first isomorphism. Now, it is easy to see that [p'^ ^] 
maps i7}.^^^(^)(Q,Ti_m) into H^^^^^^-^{Q,Tk^m)- To finish the proof of 
the lemma we need to show that \p''^^]^^Hyr{n)i^y'^k,m) satisfies the 
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appropriate local conditions to lie in H^^^^^^-^{Q,Ti^rn)- This follows 
from the fact that J^can{n) is cartesian on 7^,^, see Remark 12.231 □ 

Remark 2.28. Starting from the exact sequences 

■j^m— 1 

^ Tk^l ^ Tk^m ^ Tk,m~l ^ 

^ -^fc,m— 1 *" Tf^ jYi 

one can similarly prove that 

for all positive integers k, m. 

Recall that Rk^m is the ring A/(p'',X™). 

Remark 2.29. Let A4 be the maximal ideal {p, X) of Rk,m- Observing 
that 

^Lnw(Q,Tfc,„)[A<] = {if^_(„)(Q,T,,^)[p]}[X] 
then applying Lemma 12.271 and Remark 12.281 it follows that 

Lemma 2.30. Suppose n G Afc,™ is a core vertex for {J-'ca.n,T,Vk,m) 
and X(T,J^c-an) = 1- Then Rom{H}r^^^^^^^{Q,Tk,m),Qp/'^p) is a cyclic 
Rk,m-iT^odule. 

Proof. By the assumption on n it follows that 

is free of rank one over Fp. Further, by Remark |2 . 281 applied with A; = 1, 
it follows that if^^^^(^)(Q, Ti^m) is a cyclic i?i,m-niodule (note that Ri^m 
is a principal ideal ring): 

i^Ln{n)(Q> 2^1,-) = [[X]]/X" (as an i?i,^-module) 

for some a <m. 

By the second isomorphism proved in Lemma 12.271 we have 

(10) //>_(„)(Q,T,,^)[p] = (Q,Ti,„) 

Taking the Pontryagin duals of both sides in equation ( |TOl) . we obtain 

Hom(i7}._(„)(Q,T,,^),Qp/Zp) ® Z/pZ = Hom(i7>_(„)(Q, Ti.^), Fp) 

^Hom(Fp[[X]]/X",Fp) 
= Fp[[X]]/X" 
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which shows that 

Hom(if}-_(„)(Q, T,,„), Qp/Zp)/p • Hom(if}-_(„)(Q, Tfc,„), Q^/Zp) 

is generated by one element as an i^i^m-niodule. By Nakayama's lemma 
it now follows that 

Hom(if}-_(„)(Q,Tfc,^),Qp/Zp) 

is generated by one element over Rk,m, which completes the proof of 
the Lemma. □ 

Lemma 2.31. Suppose n G A4,m is a core vertex for {J-'ca.n,T,Vk,m) 
and the core rank of the Selmer structure Tc^a on T is one. Then 

length^^[i7>_(„)(Q,Tfc,^)] -length^J/7>_(„).(Q,r*^)] = k.m 

Proof. (All the lengths mentioned in this proof are measured over Zp) 
Fix m, and let Rk denote the ring Z/p'^'Z. Then, by Theorem 4.1.5 
of |MR04j there are integers Vk, Sk, one of which can be taken to be 
zero, such that for every n G A4,m there is an isomorphism 

Here, we regard Tk^m as an i?fe-representation. We note that proof of 
the above mentioned theorem still holds true in our case by Propo- 
sition 12.101 and Lemma 12.271 The proof of the same theorem in fact 
shows that r^, Sk do not depend on k, we let this common value be 
x(T^), x(Tm), respectively. Hence, there is an isomorphism 

(11) i/>_(„)(Q,T,,^) ©i?^(^-) - i7>_(„),(Q,T*^) ©i?,^(^-) 

Now from ffTTl) it follows that 

X{TJ - x(T;) = rank^^if>_(Q,T^) - corank^^i/}.^JQ, T^) 

On the other hand, by Lemma 5.2.15 of [MR04j . it follows that 

rank^^^r>_(Q,T„) - corank^^i/^.^JQ, T;,) = 

= rankzpT" + corank2;p-f/'°(Qp, T^) 

= m ■ rankz^T" + corankzpif°(Qp, T^), 

where the last equality is because complex conjugation acts trivially 
on A/X'" (recall T„ = T ® A/X"^). From ([II]) it follows that 

length^Jif>_(„)(Q,Tfe,„)] - length^Jif>_(„), (Q, T*^)] = 

= fc(x(Tj - x(T;,)) 

= k-m- rankzpT + k ■ corankzpi?°(Qp, T^) 
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H^{Qp,T^) is dual to H'^{Qp,Tm) under the local Tate pairing, and 

H\Qp,Tj = if'(Qp,T® A/X™) = H\Qp,T)/:^"'H\Qp,T) 

because Gq^ has cohomological dimension 2. However, H'^{Qp,T) is 
A-torsion (by |PR94b J Proposition 3.2.1) and our assumption H.sEZ 
implies that X does not divide the characteristic ideal char(if^(Qp, T)) 
of H^{Qp,T). This means H^{Qp,T)/X"'H'^{Qp,T) is finite for all m, 
which shows that corank2pif°(Qp, T^) = for all m, hence 

length^J/7>_(„)(Q,Tfc,„)] - length^Ji7>_(„). (Q, T*„)] = 

= k ■ m ■ rank^pT 

Observe that above arguments for m = 1, together with the assump- 
tion that the core Selmer rank of J^ca.n on T shows that rank^pT" = 1. 
Proof the Lemma follows. □ 

Remark 2.32. As we have seen in the proof of Lemma [2.311 our as- 
sumption H.EZ (resp. H.sEZ) is equivalent to the assumption that 
{T*)'^^p is finite (resp. (T*)^'^p = 0). The latter assumptions have the 
flavor of the algebraic conditions of Greenberg |Gre94j on T so that the 
p-adic L-function attached to T would not have a trivial zero (or excep- 
tional zero, as it is called by Mazur, Tate and Teitelbaum in [MTT86j 
when T = Tp{Vf) is the p-adic Tate module of a two dimensional p-adic 
representation Vf attached to a modular form /, a la Deligne, Eichler, 
Serre and Shimura) at s = 1. Inspired by this similarity we say that 
T is Kolyvagin-exceptional (or briefly K- exceptional) if {T*)^^p is infl- 
nite. K-exceptionality has been studied in §3.3 and §4.4 of |Buy07b| , 
where the notion of a Galois representation T being K-exceptional is 
compared to the notion of T being exceptional in the sense of Green- 
berg |Gre89lCre94] . 

Remark 2.33. For all height one primes p of A that are not exceptional 
(in the sense of |MR04] Deflnition 5.3.12), one may prove that ( |MR04] 
Lemma 5.3.16) the core Selmer rank X{T ® Sp,J^can) for the canonical 
Selmer structure on T ® Sp does not depend on p; where Sp is the 
integral closure of A/p inside the fleld of fractions Frac(A/p). This 
common value is called the generic core Selmer rank of the canonical 
Selmer structure J-'can on T (g) A. In particular, our assumption that 
the core Selmer rank X{T,J^csi.n) of J-'ca.n on T is one together with the 
hypothesis H.EZ is equivalent to the assumption that the generic core 
Selmer rank is one. 



Proof of Theorem \2.2(A Theorem follows from Lemma r2.30l and Lemma 
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3. A-ADIC KOLYVAGIN SYSTEMS 

Many of the arguments in this section are essentially present in Ap- 
pendix B and §4.3 of |MR04] . We only need slight modifications to the 
arguments of |MR04] . We still include every detail (even though we 
sometimes repeat the exact same proof) for completeness. 

3.1. Kolyvagin Systems over Rk,m- 

3.1.1. Generalities. Let i? be a local artinian ring with finite residue 
field. If M is an i?-module and ip G Hom(M, R) we define for any 
integer r a map, also denoted by 

r r—1 

/\M^/\M 

by 

ip '■ nil A ■ ■ ■ A f^r ^ ^^(— A . . . mj_i A rrij+i A ■ ■ ■ A 

i=l 

We also define a map 

s r r—s 

j\ Hom(M, R) — > Hom(/\ M, /\ M) 
for s < r by iteration of the above construction. 

Lemma 3.1. Suppose M is a free R-module of rank at least r + 1 and 
we are given tpi, . . . G Hom(M, R). Define 

r+l 

^ = iPiA--- A^r- f\ M — > M 

Then 

r+l 

^( A ^) C ker(V') 
and = keilip) if ip is surjective. 

Proof. Suppose first that ip is surjective with kernel A C M. Then the 
image of ip is R^ which is free hence projective so the exact sequence 

— >A — ^ M — ^0 

splits. Therefore there is a submodule B of M which complements A, 
i.e. M = A (B B and ip maps B isomorphically onto R^. We have a 
funtorial isomorphism 

(12) (a^®a^ 

p+q=r+l \ 
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The map ^, after the identification above, takes the factor A® /\ B 
isomorphically onto A and kills the other summands. This proves the 
equality when ip is surjective. 

To prove the containment in the general case we need to check the 
map 

r+1 

is identically zero for all s — 1, . . . ,r. We will only check this when 
s = 1, and the other cases follow in an identical way. 
A simple combinatorial argument shows that 

^(mi A . . . rrir+i) — ipi A ■ ■ • A ■0r("T'i A . . . m^+i) = 

r+1 

= J]] J]](-l)*sign((T)-V^i(m^(i)) . . .i'i-i{ma(i-i))-i>i{ma(i+i)) . . .i>r{ma(r+i))-mi 

i=l c 

where the second sum is over all permutations (Tof{l,...,i — + 
1, . . . , r + 1} such that a{%) — %. Then 

■^1 o ^'(mi A ■ ■ ■ A mj.+i) = 

r+1 

= J^(-l)'sign((7)-V'l(m^(l)) . . . V'i-l("^a{i-l))-V'i("^a(m)) ■ . .V'r("T.a(r+l))-V'l("^i) 

We fix i. Then the expression 

appears exactly twice. We identify these terms now and show that they 
will have opposite signs. This will show ipi o ^(mi A • • • A m^+i) — 0. 
Let (t(1) = j, and let 

^ ^ f (l,i,z + 1, . . . , j) , if J > i 

and let r = o" o a. Then the term 

V'i("ia(i)) • . .^i-i(m^(i-i)) ■ ^j(m^(i+i)) . . . iJr{m^{r+i)) ■ i^iim) 

appears once for the permutation a itself (with the sign (— l)*sign((T)) 

and for the permutation r (with the sign (— l)-'sign(r)). Since sign(r) — 

sign (cr) sign (a) — siga{a){—iy~^'^^ it follows that (—l)-'sign(T) = (— l)*+^sign((T), 

and that 

ipi o \I/(mi A ■ ■ ■ A rrir+i) = 0. 

In an identical way one can check that ips o "if {mi A . . . m^+i) = for 
all s^l. 

□ 
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3.1.2. The lower hound. Let Rk,m, Tk^m, 'Pk,m, J^k,m, -^can be as in g21 
We also let uln) be the number of positive divisors of n. In this section 
we obtain (Theorem 13. lip a lower bound on the size of the Rk^m-^odnle 
of Kolyvagin Systems. 

Definition 3.2. If X is a graph and Mod/j^.^ is the category of Rk,m- 
modules, simplicial sheaf S on X with values in Modij^, „ is a rule 
assigning 

• an i?fc ,„-module S{v) for very vertex v of X, 

• an i?fc ,„-module S{e) for very edge e of X, 

• an i?fc^m,-iiiodule homomorphism ipl : S{v) '5(e) whenever 
the vertex v is an endpoint of the edge e. 

A global section of 5 is a collection {n^ G iS(f) : f is a vertex of X} 
such that for every edge e = {f , v'} of X ipl^K^) = tpli^K^i) in S{e). We 
write r(5) for the i?fc,m-iiiodule of global sections of S. 

Definition 3.3. For the Selmer triple (Tk^m, ■^ca.n,'Pk,m) we define a 
graph Xk^m = X{,'Pk,m) by taking the set of vertices of Xk^m to be J\fk,m, 
and edges are {n, ni} whenever n, nl G Mk^m (with £ prime). 

The Selmer sheaf Ti is the simplicial sheaf on Xk,m given as follows. 
We take 



• Uin) ■= i^^_(^)(Q,Tfc,^) ® Gn for n G A4,m, 

• if e is the edge {n,ni} then H{e) := Hl{Q£,Tk^rn) ® 
and we define the vertex-to-edge maps to be 

• ip^f, : iJ}.^^_^(„^)(Q, Tfc,m) ® Hl{Qe, Tk,m) ® G„£ is localiza- 



tion followed by projection to the singular cohomology H^. 
• ■■ ^k„(n)(Q,^fc,-) ^Gn^ Hl{Q,,Tk,m) ® Gni is the com- 
position of localization at i with the finite-singular comparison 
map (j)f. 

Note then that a Kolyvagin system for the Selmer triple (Tk^m, ^can, 'Pk,m) 
is simply a global section of the Selmer sheaf Ti. 

For the next proposition, recall Definition 12.31 for a definition of the 
modified Selmer structure JF^^^ on Tk^m- 

Proposition 3.4. If n E Afk,m is a core vertex for (Tk^m, ^ca.n,'Pk,m) 
then the Rk^m-nT'Odule (Q, Tk^m) is free of rank v{n) + 1. 

Proof. We have the following exact sequences: 



H\Q,,Tk,^) 

HlMi.Tk,m) 
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E\n 

For a core vertex n G A4,m -^^can(n)* -^fcm) ~ t)y Theorem 12.26^ 
hence global duality (Theorem 1.3.5) implies that the right-most map 
in the first sequence is surjective. Thus the sequence 

is exact. By Theorem 12.261 we know that H^^^^^^^{Q,Tk^m) is free of 
rank one over Rk,m, and ^i^^^^'^^^'"'^^ is free (so projective) of rank 
uln) by Lemma r2. isl and Lemma r2.20[ This proves the proposition. □ 

Fixing a generator of Gal(Q(yU^)/Q) we may view (by Lemma [2.181 
and Lemma I2.20p the finite-to-singular map as an isomorphism 

We also for each i G Vk^m choose an isomorphism 

'■ Hlj.(Qe,Tk^m) — ^ Rk,m 

Fix a core vertex n G Afk,m and order the primes ii , . . . , i^^n) dividing 
n arbitrarily. Let loc^ (respectively locf ) be the map from H^{Q,Tk,m) 
to Rk,m be the localization at ii, followed by the projection onto the 
finite (respectively the transverse) submodule, followed by Li- o (pf^ 
(respectively li-) : 



loc 



k,m, 



and 
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k,m) 



hi, Tk,m) 



RkA 



Definition 3.5. For each r I n define 



and let 
:= 



(r) 



loc^ if ^ divides r 

locf if does not divide r 



A ■ ■ ■ A 



HjTn 



R 



v(n) 



A H}rn (Q, Tfc m) > -f^^-n 



fc,m J 



Proposition 3.6. Suppose n G N'k,m, is a core vertex. Then for all 



r n 



V(ri)+1 



fc,m i 



-^i="ca„(r-)('Q'^fc.™)' if r is a core vertex. 



Proof. For r | n the following sequence is exact 



^ H'^..^ir)iQ,T,, 



Hi 



ca 



k,m) 



k,m 



coker('?/' 



immediately from the definitions. 

If r is a core vertex then (r)(Q)^fe,m) is free of rank one by 

definition, and Hjm (Q, Tk^m) is free of rank z/(n) + l by Proposition [331 
therefore, counting lengths in the above exact sequence, one checks 
that coker(-?/'*^'')) = 0. So ip^"^^ is surjective in this case. Now Lemma [XT] 
shows that 



k,m I 



in this case. In general the containment also follows from Lemma [3.11 

□ 
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u{n)+l 

Definition 3.7. Choose c G /\ H^„ (Q,Tfc m) and for each divisor 
r of m define 

n,. := K,(n,c) = (-l)^Mvl/M(c) G if>_(,)(Q, T,,^) 

Proposition 3.8. 

For each r£i \ n we have Ioc^k,.) = \ocf.{Krei). 

Proof. 

locf^(«:.) = (-l)'^Mloc^^(vI/M(c)) 

= (^(™) A loc^J(c) 

= Aloc*^)(c) 

= (-l)^'^^'Moc^:(v^(-^^(c)) 

= loc|(KrfJ 

where the third equahty is obtained by transposing factors loc^^ and 
locj;'^ which occur in ^^'^^ A loc» . □ 

Thus the collection {Kr{n, c)} for r | n gives a section of the Selmer 
sheaf TC to the subgraph Xn of X{Vk,m) whose vertices are all divisors 
r of n. We will show that if n' = nd is another core vertex then this 
section can be extended to a section of H over Xnd- 

Remark 3.9. Note that the section K{n, c) = {Kr{n, c) : r \ n} depends 
on the choice of ordering of primes dividing n, but only upto a sign. We 
will therefore adopt the convention in |MR04j Appendix B; namely we 
will maintain the same ordering of primes dividing n when we extend 
to n' = nd, but place them after the new primes which divide d. 

Lemma 3.10. Keep the notation of the previous remark. In the fol- 
lowing diagram the image of the horizantal arrow contains the image 
of the vertical arrow: 

can can 

uin)+l 
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If the image of c' f\ Hl.„a (Q, Tk m) under the horizantal map 

•'can ' 

agrees with the image of c under the vertical map then the section 
K{n',c') of Xnd extends the section K{n,c) of Xn- 



Proof. As in the proof of Theorem 13.41 global duality and vanishing of 
)• (Q' ^fc,m) imply that we have an exact sequence 



1 



The right-most term is projective so we may choose a free rank v{d) 
summand A, complementary to ifi-n (Q, Tk m) C H\„^ (Q, Tk m)- Thus 

can ' -^can ' 

the map 



01ocf : A— 
is an isomorphism. This shows that 



u{d) 



u{d) v{d) 

Alocf : ^A-^ f\Rl^^=Rk, 



and 



, s , ^ loc, A-'-Aloc*"; .,®id , , 

, A ^ A U(n) + 1 ^1 rjn ^, . + ^ J^l^^ ('(Q)^ J^^ 



k,'m ) 



■pn 1 k,ni) 



are isomporphisms as well. Thus in the commutative diagram 



locf A-'-Aloc'/, „ , , , 

— A'^^"^^' (Q, Tk,m) 



can 



, , locf A-'-Aloc*"', .,®id , , ^ 



the lower horizantal map is surjective so the first claim is proved. To 
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prove the second claim we observe for r | n that 

= (-1)^^^) (^Iri+i A ■ ■ • A ^[7J,)) (locf A ■ ■ ■ A loc-(,)) (cO 
= (-1)^^^^ A ■ ■ ■ A V^i7J,)) (V^i-) A ... A ^[-5) (cO 

= (-ir(^)(v^^)A...Av^i7j,))(c') 

= Kr{n',c'). 

□ 

Let r(?i) denote the global sections of the Selmer sheaf H on the 
graph Xk,m- 

Theorem 3.11. For any core vertex r G N'k,m the map 

Tin) H{r) 

is surjective. 

Proof. Fixing a generator of Gr '■= ^£\r^i '^^y identify Ti.{r) by 
H^^^^f^^^{Q,Tk,m)- Fix also a G H^^^^f^^^{Q,Tk,m)- By Proposition [3Jl 
given a one can find an element Cn G A^^"^^^^ H\rr (Q, T^. such that 

' * ''can ^ ' ^ 

Now using Lemma 4.1.9(iii) of |MR04j and Theorem 12.261 choose a 
sequence of core vertices r = tq \ ri \ r2 ■ ■ ■ such that every n G Mk^m 
divides an for some i. By Lemma [3 .101 one may choose for each i > 

/ \ can 

in such a way that the section ^(rj+i, Q+i) of A'^.+i restricts to ^(rj, Cj) 
on A'n^. We now define k G r(7-^) to be 

K := {«^n}nGA4,™ = {/«n('^i,Cj) for i chosen sufficiently large}„gA/-^,^. 

By construction k maps to a under the map T{T-C) — > 'W(^), proving 
the Theorem. □ 
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3.1.3. The upper bound. In this section we will obtain an upper bound 
for the size of the Rk^m-^odnle KS(Tfc -^can, 'Pk,m) of Kolyvagin Sys- 
tems. 

Theorem 3.12. For any core vertex r G N'k,m the map 

Tin) n{r) 

is injective. 

As an immediate corollary to Theorem 13.111 and Theorem 13.121 we 
have 

Corollary 3.13. For any core vertex r G N'k^m the map 

is an isomorphism. In particular, K.S {Tk^m,'Pk,m) is a free Rk^m-'<^odule 
of rank one. 

The rest of this section is devoted to the proof of Theorem 13.121 We 
will be closely following the techniques from |MR04] §4.3, many times 
repeating the same arguments. 

Recall that T is the representation T jpT = Tk^m/ {p, ^)Tk,m and X^^m 
is the graph defined as in §3. 1.21 equipped with the Selmer sheaf H. We 
define a subgraph X^^^ = A'^°^(Tfc^„, J^can, ^fe,m) of Xk,m whose vertices 
are the core vertices of Xk^m and whose edges are defined as follows. 
We join n and ni by an edge in X^^ if and only if the localization map 

if>_(,)(Q,T)^i//(Q,,T) 

is non-zero. 

We now define the sheaf Ti^ on Xj^^ to be simply the restriction of 
the Selmer sheaf H to X^,^. 

Definition 3.14. A simplicial sheaf 7i on a graph X is locally free of 
rank one if for every vertex v and edge e = {v,v'} the modules Ti-{v) 
and 7i(e) are free of rank one and the vertex edge homomorphisms tp*^ 
are isomorphisms. 

We will prove below that the graph X^^ is connected and is 
locally free of rank one. This will be the essential step to prove the 
theorem. 

Proposition 3.15. The graph X^^ defined above is connected. 

Proof. Since Xj^^ is defined in terms of T, we can work with T instead 
of T. Then Theorem 4.3.12 of |MR04] proves the Proposition. □ 
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Proposition 3.16. The sheaf HP is locally free of rank one. 

Proof. If n is a vertex of Af^^ then n is a core vertex thus lHP{n) is free 
of rank one by the definition of a core vertex. Also, since ^ G Vk^m) by 
Lemma [2.18l ?i°(n) := H^{Q£,Tk^m) ® Gni is free of rank one as well 
Suppose e is the edge {n,ni} in A'°„^. By Remark [2.291 we have 

and by Proposition 12.101 

Hl{Qe,Tk,m)[M]=Hl{Qe,T). 

Further, by the choice of n and by Lemma[2IIBl-f^^^^^(„)(Q, Tfc m) and 
Hf[Q£,Tk,m) are both free of rank one over Rk,m, so the non-triviality 
of the map 

i/>_(,)(Q,T)^i//(Q,,T) 
implies, by Nakayama's lemma, that the map 

is an isomorphism. Now by Lemma 12.181 the map 

is an isomorphism. A similiar argument (and using Lemma 12.201 this 
time) shows that the map lHP{nt) — > 'H^i^) is an isomorphism as 
well. □ 

Proposition 3.17. Suppose that k G KS(Tfc^m , (^nd = for 

some core vertex r, then = for all core vertices n. 

Proof. For any core vertex n one can find a path P = {r = fg, f i, . . . , = 
n} by Proposition 13.151 Let Cj denote the edge Then by 

Proposition 13. 16l the map 

is well-defined and is an isomorphism. By the definition of a Kolyvagin 
system \l/p( This proves the theorem. □ 

The following two lemmas are extensions of Proposition 3.6.1 and 
Lemma 4.1.7(iv) of |MR04] . respectively. Proof of Lemma [3. 181 is iden- 
tical to the proof given for Proposition 3.6.1 in |MR04] . We will in- 
clude the proof of Lemma 13.191 although we still follow the same lines 
in |MR04] . 

Lemma 3.18. Suppose ci , ca G H\Q, Tk,,n) and C3 , C4 G H\Q, T* J 
are all nonzero. For every positive integer u and v there is a subset S 



34 KAZIM BUYUKBODUK 

ofVu,v of positive density such that for i G S, the localizations (cj)^ are 
all nonzero. 

Let T := T/pT and T* := T*[p\ and define 

A(n,M) = length (i7>(„)(Q,M)) for M = Tfc,„, T,*„, T or T* . 

Lemma 3.19. Suppose ni G A4,m o?^*^ assume that the maps induced 
from the natural localization maps 

^Ln(n)(Q'^fc,-)[A<] ^Hl{Q,,Tk,m) and 

are both non-zero. Then 

(i) X{ni,T) = A(n,T) - 1, and 
(ii) A«T*) = A(n,T*)-l. 

Proof. Since tlie difference A(r , T) — A(r , T) is a constant independent 
of r, it suffices to clieck only (ii). Tliere is a commutative diagram 

HL^nr (Q' ^^V) t-^] — (Q^' [M] 

where the left vertical isomorphism is Lemma 3.5.3 of [MR04] . By 
assumption upper horizontal map is nonzero, therefore the lower hori- 
zontal map is nonzero as well. However Hl{Q£,T ) is free of rank one 
over ¥p hence the lower horizontal map is surjective. Similiarly one 
may prove that the localization map 

i/>_(„)(Q,T)-^/7/(Q,,T) 

is surjective as well. By Lemma 4.1.7(ii) of [MR04j (which still holds 
since we are working with the same residual representation T = Tk^m/Ai- 
Tk,m) we conclude that 

thus we have a short exact sequence 

This, together with the fact that H^{Qi,T*) is a one dimensional Fp- 
vector space (since £ G Vk,m) completes the proof of (ii). □ 
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Proposition 3.20. Suppose that n G 'KS{Tk^m,Vk,m) and = for 
any core vertex n, then k = 0. 

Proof. We need to show that = for all r G J^k,m- We prove this 
by induction on the length of ^.^^ (Q, T) , which we will denote by 

A(r, T*) following |MR04j . By assumption = for all with A(r, T*) = 
0. _^ 

Suppose now that A(r, T*) > and suppose Hr 7^ 0. Usin^ Lemma [3TT8l 
we may choose a prime i G Vk,m such that 

(a) {Kr)£ 7^ 

(b) The maps 

Hk..ir)iQ^Tk,m)[M] ^Hl{Q,,n,m) and 

are both non-zero. 

Now Lemma [3. 191 and (b) implies that A(r£, T ) < A(r, T ), therefore 
by the induction hypothesis = 0. However by the definition of a 
Kolyvagin system and by (a) it follows that {Kre)£,s 7^ 0. This con- 
tradicts with our previous conclusion that = 0, which shows that 
Kr- = for all r G Afk,m as desired. □ 

Proof of Theorem \3.1^ Suppose that k G T(H) and that = for the 
core vertex r given in the statement of the Theorem. It follows from 
Proposition 13.171 that = for any core vertex n, therefore k = by 
Proposition I3.20[ Thus the Theorem follows. □ 



^We make use of Lemma [3. 181 as follows: By our assumption that A(r, T*) > and 
by Remark [121 and Lemma 3.5.3 of [MR04| 

therefore there are nonzero classes 

and 

c* e i/L„(,,).(Q,r,* c H\Q,TIJ 

Now given also that 7^ G H^{Q,Tk^m) we invoke Lemma [3.181 with nonzero 
and c e Tfe^m) and c* e i/^(Q,rj!'„) to find an £ with the desired prop- 

erties enlisted above. 
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3.2. Kolyvagin Systems for T ® A. Using the results from §3.11 we 
prove (Theorem 13.231) 



KS(T® A,^can) := lim(limKS(Tfc,^,P,)) 

k,m, j 

is a free A-module of rank one, under the hypotheses we set in §2.2[ 
Lemma 3.21. For any j > k + m the natural restriction map 

is an isomorphism. 

Proof. By Corollary 13. 131 apphed for a core vertex r G JVj (such r exists 
by Corollary 4.1.9 of |MR04j and Theorem l2.26l) we have isomorphisms 

compatible with the restriction map KS(Tfc^m, Vk+m) — ^ KS(Tfc^m, "Pj)- 
This proves the Lemma. □ 



Lemma 3.22. The maps 



KS(Tfc^m, Vk+m) ^ KS(Tfc/^m/, Vk+m) 

are surjective for k>k',m>m' and a core vertex r G Nk,m ■ 

Proof. We will first prove that the second map is surjective assuming 
the first map is. By Corollary 13.131 and Lemma 13.211 applied to both 
Tk^m and Tk'^m', if r G Vk+m is a core vertex we get the following 
commutative diagram with vertical isomorphisms: 



KS(Tfc^m, Vk+m) ^ KS(Tfc'^m', "P/ 



k+m ) 



Now it easily follows that the upper map in the diagram is surjective 
as well. 

So it remains to prove that the map 
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is surjective. We have the following commutative diagram, where 
the vertical isomorhism is obtained from an appropriate version of 
Lemma 12.271 




Since r is a core vertex (therefore (r)(Q;^fc,m) is free of rank one 
over Rk,m) the map on the diagonal is surjective. This proves that 
horizantal map is surjective as well. One shows in a similiar manner 
that the map 

is also surjective, hence we have a commutative diagram 



which shows that the map on the diagonal is surjective, finishing the 
proof. □ 

Theorem 3.23. Under the hypotheses assumed in the preceding sec- 
tions the A-module KS(T ® A,J^ca.n) is free of rank one, and the spe- 
cialization map 

KS(T ® A, J-,a„) KS(T, J-ean) 

is surjective. 

Proof. By Lemma 13.211 it follows that 

j 

Now using Corollary 13.131 and Lemma 13.221 the Theorem follows. □ 

Remark 3.24. Notice that the collection of ideals {{p'' ,^'^)}k,mez+ 
form a base of neighborhoods at in A. One may then see that our 
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version of KS(T(g) A, J^ca.n) agrees with the generahzed module of Koly- 
vagin Systems KS(T (g) A, JF^) of jMR04] §5.3. Further, an element 
K E KS(T (g) A, J-'can) would have the same use with an element of the 
module of Kolyvagin Systems KS(T ® A) of |MR04j Definition 3.1.3. 
For this reason, when we say k is a Kolyvagin system, we will mean 
that K is an element of one of these three modules. 

Remark 3.25. Note that Theorem 13.231 says that, under the running 
hypotheses, KS(T A,.7-'can) is generated by a Kolyvagin system k 
whose blind spot does not contain any prime ideal. Even if H.T and 
H.sEZ fails but H.EZ holds for T, we still expect to have a Kolyvagin 
system for (T ® A, J-'ca.n) which does not have (7 — 1) in its blind spot. 
However, we no longer expect that the specialization map KS(T 
A,JFcan) KS(T, jF(,an) to be surjective. Although we are unable to 
formulate a precise conjecture for the size of the cokernel of this map, 
we expect that its size will be related to \{T*)'^^p\ and |A^V(^^Odiv| 
{i p). In fact, using the proof of Proposition 6.2.6 [MR04j . one can 
show that 

P I #C0ker {KS(T ® A, ^.^n) KS(r, ^ean) } 

if one of \(T*)^^p \ and |y4-^*/(y4-^'^)div| is greater than one. 

4. Applications and Further Discussion 

In this chapter we exhibit several applications of Theorem l3.23[ First 
we go over classical examples of Kolyvagin Systems over the cyclotomic 
Iwasawa algebra and their applications, such as the Kolyvagin Systems 
derived from cyclotomic unit Euler system and Kato's Euler system 
and discuss these examples from the perspective offered by our main 
theorem. 

Next we discuss the relation of the cohomology classes we construct 
by Theorem 13.231 to p-adic L-functions. Although our construction of 
these classes has no reference to L-values, the rigidity of the A-module 
of Kolyvagin Systems enables us to set up a connection with p-adic 
L-functions via Rubin's (conjectural) Euler systems (c./. |Rub00 j§8) 
obtained from (conjectural) p-adic L-functions of Perrin-Riou. In this 
sense our result lends evidence to Rubin's predictions and Perrin-Riou's 
conjectures. 

Then we apply our results to study the Stark elements of Rubin |Rub96] 
over the cyclotomic tower. This is the only section that the base field 
is different from Q, and we will utilize a version of Theorem 13.231 with 
a Selmer structure different from J-'ca.n- We include a discussion of 
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how one could use these classes to prove the main conjectures of Iwa- 
sawa theory for totally real fields (which has already been settled by 
Wiles |Wil90] l 

4.1. Classical Examples. Fix once and for all a rational prime p > 2. 

4.1.1. Cydotomic Units. Let T = Zp(l) where x '■ Gq — > is 

a character of finite order. Let L be the cyclic extension of Q which is 
cut of by the character x and set A = Gal(L/Q). For any Zp [A] -module 
A, denotes the x-isotypic component of A. 

Fix a collection {(n '■ n G Z"*"} such that Cn is a primitive n-th 
root of unity and Cmn — Cn for every m G Z+. Whenever F is a 
finite abelian extension of Q of conductor /, we define cp as the image 
of N(Q(^^p)/ir (^jp — 1) under the Kummer map ^ H^{F,Zp{l)). 
This defines an Euler system (in the sense of |RubOOj Chapter 2) for 
the representation Zp(l), and is called the Euler system of cyclotomic 
units. One can modify these units, as in IRubOOj §9.6 to obtain an 
Euler system c for Zp(l) satisfying Definition 3.2.2 of |MR04j . 

By standard twisting arguments (c./. |RubOOj Chapter 2, Proposi- 
tion 4.2), the Euler system c gives an Euler system for the repre- 
sentation T = Zp(l) ® x~^- Then by (RubOOj Theorem 5.3.3, gives 
rise to Kolyvagin system G KS(T ® A, !Fcan)- 

Assume now that x{p) 7^ 1- Then it is straightforward to check 
that T will satisfy our hypotheses H.1-H.4, H.T and M.sEZ, and 
thus Theorem 13.231 applies and says that KS(T ® A,J^can) is free of 
rank one (as a A-module). Let denote the image of under 
the specialization map KS(T A, J^can) KS(T, J^can)- By |MR,n4] 
Remark 6.1.8 is primitive, i.e. its image under the map 

KS(T, J-ean) ^ KS (T/pT, .Fcan) 

is non-zero. This shows that in fact A-primitive, i.e. it generates 
the A-module KS(T ® A, J^can)- 

As usual, let Qoo = U denote the (cyclotomic) Zp-extension of Q, 
and Qn the unique sub field of Qoo of degree over Q. Let L„ = LQ„, 
and let Sn be the p-adic completion of the units O^^ of L„, C1(L„) the 
p-part of the ideal class group of L„. Set £oo = ^vcn Sn, and A^ = 
lim Cl{Ln)^, where the inverse limits are with respect to norm maps. 
The standard application of the Kolyvagin system is the following: 

Theorem 4.1. char (A^) = char {£^/A ■ Ki'°°). 

Theorem 14. H is essentially equivalent to the classical main conjectures 
Iwasawa theory, which were first proved by Mazur and Wiles [MW84j . 
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In fact , let denote the maximal p-extension of = LQ^o unram- 
ified outside primes above p, and let Z^o = GaA{Moo/ L^o). Then Z^o 
is a Zp[A]-module which a torsion A-module. Let also Un denote the 
local units of L„ p = L ® Qp, and U^o = Ih^^ Un- By class field theory, 
we have an exact sequence (c./. |dS87j §111.1.7) 

and thus, by Theorem 14.11 it follows that char (Zoo) = char(f/^/A • 
fi;^'°°). But a classical theorem of Iwasawa |Iwa64j states that char([/^/A- 

is generated by the Kubota-Leopoldt j9-adic L-function associ- 
ated to X, hence char(Zoo) as well. 



4.1.2. Kato's Euler System. Fix an elliptic curve Ejq and assume that 
p > 3 and set T = Tp{E). Suppose also that the p-adic representa- 
tion pE : ^ Aut(E[p°°]) ^ GL2(Zp) is surjective. Let be the 
conductor of E. Kato |Kat04bj has constructed an Euler system for 
{Tp{E),V') (in the sense of |MR04j Definition 3.2.2), where V is the 
set of rational primes not dividing NpDD' with two auxiliary positive 
integers D and D' used in Kato's construction. Set V^^^ = V D V 
(recall the definition of V from Chapter [2 H^ and vj^l = V n Vk,m- 
Again by Theorem 5.3.3 of [MR04j . Kato's Euler system gives rise to 
a Kolyvagin system ^Kato.oo ^ KS(T ® A, jF^an) (where we use primes 
instead of V now; however this does not interfere with our results 
in Chapter [2] or Chapter [3l). Let denote the image of /tKato.oo 

under the map KS(T (g) A, JF^an) ^ KS(T, J'can)- 

Assume that E has good reduction at p. Assume further that H.sEZ 
and H.T holds (in this setting this amounts to saying E{Qp)[p] = 
and p does not divide the Tamagawa factors q = [E^Qi) : Eq^Qi)] for 
primes i of bad reduction). Then |MR04j Theorem 6.2.4 implies that 
primitive, i.e. its reduction modulo p is non-zero. 

The core Selmer rank A'(T, jF^an) of the canonical Selmer structure 
on T is equal to rank^^ Tp(i?)" = 1. Note also that the hypotheses 
H.1-H.3 hold by our assumption on pe, and H.4 holds since p > 3. 
Therefore Theorem 13.231 applies to this setting, hence KS(T ® A, jFcan) 
is free of rank one over A. The argument in the previous paragraph 
implies that the Kolyvagin system 

^Kato -g 

A-primitive therefore it gen- 
erates KS(T ® A, J^can)- 

Note that the assumption that E has good reduction at p is not 
necessary for Theorem l3.23l to hold. However, without this assumption 
we can not conclude that /tKato.oo generates KS(T (g) A, J-'ca.n) (which is 
a cyclic A-module by Theorem 13.231) . 
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4.2. A-adic Kolyvagin Systems and p-adic L-functions. Exam- 
ples we discuss in the previous section suggests that the Kolyvagin Sys- 
tems we prove to exist should somehow relate to the p-adic L-functions. 
This is what we explore in this section in greater generality. However, 
we should warn the reader that this section is very speculative. 

We first revisit the case T = Zp(l) and the Euler system of cy- 
clotomic units. See [RubOO] Chapter 8, §5 or |PR94aj for a detailed 
discussion of what follows in this paragraph. Let Un = be the 
local units in Qp,„, the unique extension of Qp of degree p"' inside the 
cyclotomic Zp-extension of Qp, and be the ring of integers of Qp,„. 
Recall the isomorphism 

exp*: Hl{Qp,T) ^ Dw{T)^=' 

of Theorem Aj5] and Theorem AJHl where W is the prime-to-p part of 
Geil{Qp{fi'^)/Qp) and Dw{,T)^=^ denotes the l^-fixed part of D{T)^=\ 
We have then a commutative diagram (which is essentially the explicit 
reciprocity law of Iwasawa |Iwa68j ) 

HLiQp,T) 



Here, /„ is the Coleman's power series attached to m G lim^ Un, vr = 
{tTti} £ lim On and vr^ is a distinguished uniformizer of On (which 
we will not define here); k, is the Kummer map. It turns out that, 
the image of the {cq^'}„ G lim f/„, where c'^^'^^ is the Euler system of 
cyclotomic units, can be thought as a measure whose Amice transform 
gives rise to the Kubota-Leopoldt p-adic zeta function. 

This example is part of a big conjectural picture (due to Perrin- 
Riou |PR95] in the general case). In fact for a Zp[[GQ]]-representation 
T we conjecturally have the following diagram: 



lim U„ 




Dw(T)'^^^ {p-adic L-functions} 

where B is the Amice transform and the leading term of a Kolyvagin 
system in KS(T O A, J^can) is the term G lim^ ^ H^iQ, Tk,m) = 
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In |RubOOj Chapter 8, Rubin proposes to go the other way in the 
above diagram: To construct an Euler system for T starting from a 
collection of p-adic L-functions associated to T over various abelian 
extensions of Q. In what follows we will be closely follow Rubin's 
exposition from |RubOO] . 

Until the end of section assume that T is a (jQ-stable lattice inside 
the p-adic realization = T Qp of a motivic structure (in the sense 
of |FPR94j Chapter III) and that V is crystalline at p. Assume further 
that the generic core Selmer rank of J-'can on T ® A is one. Throughout 
this section a different ring of periods will be utilized than the one 
we mention in Appendix [XI which is also constructed by Fontaine and 
called Bcris- The link between the theory of (0, r)-modules (associated 
with a crystalline representation of Gq^) and Bcris has been established 
by Berger |Ber02j . however we will not very much dwell on this relation. 

Let Dcris{V) := (Bcris ®Qp V)^^p dcuote Fontaine's filtered vector 
space attached to V and let V* = Hom(V, Qp(l)). If F is an abelian 
extension of Q we also let D^jg(l^) = DcnsiJiadp/QV). Let EI denote the 
extended Iwasawa algebra defined by Perrin-Riou |PR94bj §1, and let 
K = Frac(]HI) denote the field of fractions of H. In |PR94bj . Perrin-Riou 
constructs a Zp[[Gal(FQoo)/Q]]-module homomorphism (what she calls 
an expanded logarithm, and is related to exp* of Theorem AJ5] and 
Theorem A 18]) 

n 

Further, she conjectures that for every extension E of Qp and every 
character x '■ Gq of finite order, unramified at p, and r G Z"*" 

that is divisible by the conductor of there is an element 



-1^ 



L(p)(r®x) eK®Dcris(v^*®x 

which satisfies certain properties (c./. |PR95j §4.2). We will not discuss 
these properties of 'lI?\t 0x) (^-nd refer the reader to |PR95j ). except 
for the following interpolation property it conjecturally satisfies for 
characters p of finite order of F and sufficiently large positive integers 
k: 



(Xcycl)V(L^'^(T®X)) 

i 

archimodoan poriod 



(n-Euler factor) x ^^(}^^^'f p — x (p-adic period). 

' arrhimodoan noriod yir \r f 



where uj is the Teichmiiller character , (Xcyci) = "-^"""^Xcyci '■ Gq -» 
F = Gal(Qoo/Q), and LriV ® ^ s) is the conjectural complex L- 

function of V®x^^P~^ with Euler factors at primes dividing r removed. 
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Let QifJ'r)'^ be the maximal real subfield of Q(/ir) and write = 
Gal(Q(/i,.)+/Q). For every character x : ^ (where ii^ is a finite 
extension of Qp as above) let G -E[Ar] be the idempotent associated 
with X- 

For / G K let /'' denote the image of / under the involution induced 
by 7 7-1 for 7 G Gal(Qoo(//.)+/Q). Define also i/^(Q(/i,)+, T) : = 
\im^H\Q4firV,T). 

Conjecture. (Rubin [RubOO] . Chapter 8, Conjecture 2.6) Assume r G 
Z"^ is prime to p, T is as above and a G Zp[[G'q]] annihilates y4'-^«J«>(A'r) . 

Then there is an element = G H^{Q{fir)^ ,T) such that for 
every character x above 

where x(ct) is the image of a under the composition 

^p[[Gq]] ^ a ® Zp[A,] ^A^E — >K(^E 

Let be the product of all rational primes where T is ramified. It 
follows from Lemma IV.2.5(i) of |RubOOj that 

2"G'Qoo(Mr) = 2"<^Qoo and A*^*^""''"-' = A'^*^°° 

if r is prime to Np. Fix an element a G Zp[[Gq]] which annihilates 
^Cqoo (hence A^^°°<-t^r) for every r G Zi+ prime to Np). Assume that the 
weak Leopoldt conjecture (c./. |PR95j §1.3) holds for T*, and T'^'3°° = 
0. 

For every r G Z+ prime to Np let 

C = {^,4 e i/^(Q(/x,)+,T) with e„,. G H\QnifirV,T) 

be an element that satisfies Conjecture above. Then Rubin proves: 

Proposition 4.2.f |RubOO] . Corollary VIII.3.2) The collection 

{U,r e i/^(Q„(/ir)+,T) : n > 0, r j)nme to A^p} 

is an Euler system for (T, QooQ'^^'^^'"'', Np) in the sense of Definition 
II. 1.1 and Remark II. 1.3 of [ mlbOO] . where Q^b,Arp,+ 

t/ie maximal 

abelian extension of Q unramified outside Np. 

Assume now also that T satisfies all the hypotheses H.1-H.4, H.T 
and H.sEZ. Note that we already assumed that X{T, J-'ca.n) = 1- It thus 
follows from Theorem 13. 231 that the A-module KS(T® A, J^c^n) is free of 
rank one, and in fact it is generated by a A-primitive Kolyvagin system 
K°° G KS(T(g)A, J'can). On the other hand Proposition ^2], by |MR,n4] 
Theorem 5.3.3, gives rise to a Kolyvagin system G KS(T(8)A, Tca.n)- 
Therefore kF^ = Ak°° for some A G A. This shows that, modulo the 
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Conjectures of Perrin-Riou and Rubin we recorded above, that the 
cohomology classes we prove to exist in Theorem 13.231 have to be hnked 
with p-adic L-functions. 

We also note that Theorem 13.231 proves a consequence of the con- 
jectures of Perrin-Riou and Rubin we mentioned above, namely the 
existence of Kolyvagin Systems for (T A,jFcan). In this sense these 
conjectures borrows evidence from Theorem I3.23[ 

4.3. Iwasawa theory of Stark units and Kolyvagin Systems. 

Let F be a totally real number field of degree r over Q and fix an 
algebraic closure F of F. In this section our base field will be different 
from Q, however our results from Section [2] and Section [3] will apply 
without any change. 

Let X an even character of Gal(F/F) {i.e. it is trivial on all 
complex conjugations inside Gal(F/F)) into that has finite order, 
and let L be the fixed field of ker(x) inside F. We define to be 
the conductor of x? and A to be the Galois group Gal(L/F) of the 
extension L/ F. We assume that p \ fx and 7^ 1 fo^' any prime p 
of F over p. Assume also for notational simplicity that p is unramified 
in F/Q. Let T be the Gal(F/F)-representation Zp(l) ® x~^- 

Remark 4.3. T clearly satisfies the hypotheses H.1-H.4 (Q replaced 
by F) of ^2.2[ Observe also that the below versions of the hypotheses 
H.T and H.sEZ will hold for T as well: 
{M..T if) v4^^a is divisible for every prime \ \ p oi F. 
(e.sEZ/i.) (T*)^^^ = for primes p\poi F. 

Let denote the cyclotomic Zp-extension of F, and F = Gal(Foo/F). 
Since we assumed p is unramified in F/Q, note that F^/F is then to- 
tally ramified at all primes p over p. Let F^ denote the completion of 
F at and let Fp^oo denote the cyclotomic Zp-extension of Fp. We 
may identify Gal(Fp_oo/Fp) by F for all p\p and henceforth F will stand 
for any of these Galois groups. Let A = Zp[[F]] as usual. 

4.3.1. Modified Selmer structures on T ® K. In |Biiy07a| , we modify 
the classical local conditions at primes of F above p to obtain a Selmer 
structure on T (see [BiiyOTa] §1). The objective of this section is 
to lift the Selmer structure to a Selmer structure on T (g) A. 

Recall that Hl^{Fp,T) := lim ^^ H^{Ff^ n, T), where Fp „ denotes the 
unique subfield of Fp^oo which has degree p" over Fp. By Shapiro's 
Lemma one may canonically identify iff^(Fp, T) by if*(Fp, T ® A) for 
all i e Z+.(c./. |MR04j Lemma 5.3.1). Let 

HUF„T) := ®^^,HUF^,T) and H\Fp,T0A) := ®^^,H\F^,T0A). 
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Recall from Appendix lAl that denotes GdX{K / Koo) for any local 
field K. Recall also that Tm = T® A/(X'"). 

Proposition 4.4. 

(i) H^{Fp, T (g) A) = Hl^{Fp, T) is a free K-module of rank r. 

(ii) The map H^{Fp,T^A) H^{Fp,Tm) is surjective allm G Z"*". 



Proof. Since we assumed x{p) 1 fo^ p\P-i it follows that T^''p = 0, 
and thus (i) follows immediately from Theorem AIHI It also follows that 
since x{p) 7^ 1 ^ind hence, by the proof of Lemma I2.1H 
that H^{F^,T®A) = 0. But coker{H^ {Fp, T ® A) H\Fp,T^)} = 
H^{F^„ T ® A) [X™] hence (ii) follows. □ 

We recall the definition of the Selmer structure J^a of |MR04j Defi- 
nition 5.3.2. We fix a set S(jF/^) of places of F which contains all the 
places above p and infinite places of F, as well as the places at which 
T is ramified. We then let H^^{F^,T ® A) = H^{F^,T A) for all 
V G S(JF^). By [MR04j Lemma 5.3.1, it is easy to see that this defini- 
tion of J-'a does not depend on the choice of S(J-a). It also follows from 
the proofs of Proposition 12.101 and Proposition 12.121 that the induced 
Selmer structure J-'\ on the quotients {T^} of T A coincides with 
J^can, if the hypotheses M.T/f and H.sEZ/i? holds for T. 

Fix a free A-direct summand Lqo of H^{Fp,T ® A) which is free 
of rank one as a A-module. By Proposition 14.41 this also fixes a free 
A/(X™')-direct summand Cm of H^{Fp,Tm) which is free of rank one 
(as a A/(X™)-module). When m = 1, we denote Ci simply by C 

Definition 4.5. Let Loo be as above. We define the hoo-modified 
Selmer structure JFl^ on T A as 

. S(Jl^) = S(J-a), 

• {Fp, T ® A) = Loo C H\Fp, T^h^), 

• H^^^ (F^, T (g) A) = H^^ (F^, T (g) A), for primes v]poi F. 

The induced Selmer structure on the quotients % = {Tk^m} will also be 
denoted by JFl^ (except for the induced Selmer structure on T, which 
we will denote by J-'c, following |Biiy07a| ). Note that local conditions 
on Tfc „i at primes A f p of F determined by J-'i^^ will coincide with 
the local conditions determined by J-'\, and therefore also by J-'ca.n since 
m.T/F ande.sEZ/i. hold true. 

Proposition 4.6. 

(i) The Selmer structure JF^^ is cartesian on %, in the sense of 



Definition \2.4 
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(ii) The Selmer core rank X(T, JF^) of the Selmer structure on T 
induced from JF^^ is one. 

Proof, (ii) is Proposition 1.8 of |Biiy07a| . 

Since Tcan and JFl^ determine the same local conditions at places 
V \ p, the local conditions are cartesian at f f p by Proposition 12.101 
Therefore, it suffices to check that JF^^ is cartesian on Tq at p. 

Property C.l holds by definition of JF^^ on 7^, and property C.3 
follows easily from |MR04] Lemma 3.7.1 (which applies since Cm is a 
direct summand of H^{kp,Tm), i.e. H^{Fp,Tm)/Cm is a free A/(X™)- 
module for all m). 

We now verify C.2. Let Ck,m be the image of Cm under the reduction 
map 

H^{.Fp,Tm) >■ H^{Fp,Tk^m)- 

It is easy to see that Ck,m (resp. H^{Fp, Tk^m) / Ck,m) is a free A/{p^, X™")- 
module of rank one (resp. of rank [F : Q] — 1). We need to check that 
the map 

H {Fp,Tk,m)/Ck,m ^ H {Fp,Tk,M)/Ck,M 

induced from the map [X^^"™] : A/(X™) A/(X*^) is injective 
for all M > m. But this is evident since H^{Fp,Tk^m) / C^^m (resp. 
H^{Fp, Tk,M)/Ck,M) is a free A/(/, X'")-module (resp. a free A/(/, X*^)- 
module) of rank '[F : Q] - 1. □ 

As a corollary of Proposition 14.61 (and the techniques of the proof of 
Theorem 13. 23p we obtain 

Theorem 4.7. The A-module of Kolyvagin Systems KS(T A, JFl^) 
for the Selmer structure JFl^ on T ® K is free of rank one. Further, 
the map 

KS(T ® A, J-L^) KS(T, J'c) 

is surjective. 

Proof. This is exactly Theorem 13.231 for T = Zp(l) ® and the base 
field is F instead of Q (the proof of Theorem 13.231 generalizes word by 
word to the case when the base field is different from Q). □ 

4.3.2. Stark units and A-adic Kolyvagin Systems. Fix a A-line Lqo as 
above. Fix also a finite set 5* of places of F that does not contain p, but 
contains all infinite places 5*00 , all places A that divide the conductor 
f^ of X- Assume that \S\ > r + 1 (where r = [F : Q]). Let 

/Co = {-^(t) : r is a (finite) cycle of F prime to f^p} 
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and }C = {L ■ F{t) : F{t) G /Cq} where F{t) denotes the maximal 
pro-p extension of F inside the ray class field of F modulo r. For each 
G /C let Sk = 5* U {places of F at which K is ramified} be another 
set of places of F. Let g denote the Sk units of K, and {resp. 
5k) denote Ga\{K/k) {resp. \Ga\{K/k)\). Conjecture B' of |Rub96j 
predicts the existence of certain elements 

Ok Ok 

where Ak,Sk defined in §2.1 of |Rub96] . f\^O^g^ stands for the rth 
exterior product of as a Zp[Ax]-niodule and the final inclusion 

is induced by Kummer theory. 

Using elements of lim^^^ f\''^ Homzp[A^](i/^(-ft', Zp(l)), Zp[AA']) (or 
the images of the elements of 

r-l 

lim f\ Homz,[A^,](i7i(irp, Zp(l)), Zp[A,^]) 

under the canonical map 

A'"' Hom^^[A,,](/7i(ir„Z,(l)),Zp[A,,]) 

^^K^^ A'"' Hom^^[A^](/fi(if, Zp(l)), Z,[Ak]) 

induced from localization at p) and the Stark elements above, Ru- 
bin |Rub96j §6 (see also |PR98j ) shows how to obtain Euler system for 
the representation Zp(l) of Gp- One may then obtain an Euler system 
for T = Zp(l) ® using standard twisting arguments (c./. |Biiy07a] 
§2.2 and [RuljOOj §11.4). 

In |Biiy07a| we explicitly determine a generator for the Zp-module 
KS(T, (which is known to be free of rank one as a Z^-module 
by |MR04j Theorem 5.2.10) using the Euler systems of Stark elements. 
Let n^^^"^^ G KS (TjjFc) denote the primitive Kolyvagin system ob- 
tained in |Biiy07a| and denoted there by where $o = {'Pt''} 
a distinguished element of lim /\'^~^ Homzp[A^](-ff^(-F(r)p, T), Zp[At-]) 
and A^ = Gal(F(r)/F) for F(^) G /Co, see |Biiy07a| §§2.3-2.4 for more 
details. We further recall that /tf" = $Q^''(£^g^), where s\ Sl 
X-component of the Stark element e\ . 

Let r„ = Gal(F„/ F) and let 7 be a fixed generator of F = Gal(Foo/ F). 
Let L„ be the image of Loo under the (surjective) homomorphism 

H\Fp, T ® A) H\Fp, T ® A/{^^" - 1)) = H\Fn,p, T) 



48 KAZIM BUYUKBODUK 

where the last isomorphism follows from Shapiro's lemma. Using the 
arguments of |Buy07a| §2.3 one may choose 

r-l 

$00 ^ |^(n)| e lijn Homz,[r„](i/'(F„,p, T), Zp[rj) 

n 

such that 
. $(-) 

maps /y*^ H^{Fn^p, T) isomorphically onto L„ for all n G Z+ 
(therefore maps /y*^ H^{Fp,T^A) isomorphically onto Loo), 
. $W = rf) in A''~'Hom^^(i7i(Fp,T),Z,). 
Let Ln = L-Fn and let e^^ be the x-component of the Stark element 
£l„,Sl„ whose existence was predicted by |Rub96] . see also [BiiyOTa] 
§2.1 for an overview of the Stark elements of Rubin and |Biiy07a] §2.2 
for the twisting argument by the character x- Set 

and 

^stark,oo _ $oo^^,stark^ _ (e^^ ..^ J } G \im H\Fn,T) = H\F,T^A). 

n 

Note that, since 

$(0) = it follows that 

i.e. nf" is the image of 5^*^'^'^'°° under the projection 

H\F,T^A) H\F,T). 

Using methods of Perrin-Riou |PR98j one may show that there is a 
Kolyvagin system kP^'"^ g KS(T ® A,J^ca.n) such that 

^pr,oo ^ ^stark,oo ^pr,oo ^ ^stark j^od (7 - l). 



but does not necessarily belong to KS(T ® A,JFl^). On the 

other hand Theorem 14.71 gives rise to a Kolyvagin system 1^^^^"^^^°° g 
KS(T ® A, J^L^) such that = k'^"-'^ mod (7 - 1). It requires to 

extend the methods of | Buy07a| to conclude that there is a choice of a 
primitive g KS(T(g)A, J^l^) f or which i^f'-'^'^^ = ^f^^^'Oc_ rj.^^^ 

is the subject of a forthcoming paper |Buy07c| . 

We now illustrate how one would utilize tc'^'^'^^^'^ e KS(T (g) A, J^h^). 
We assume Leopoldt's conjecture until the end of this section. This in 
particular shows that Hjr^ {F, T®A) injects into Loo. We will therefore 
identify 1^^^^^^^°° ^ jj^ (jp^ T (g) A) with its image inside Loo under this 

Loo 

injection wherever necessary. 
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For any Zp-module M, let := Hom(M, Qp/Zp) denote its Pon- 
tryagin dual. 

Proposition 4.8. The sequence 

H^^ {F, T ® A)/A ■ /tf ^ Loo/A ■ /tf 
H^. (F^(T (g) A)*)^ — > {H^, (F, (T O A)*)^ — > 

str iLqc 

zs exaci. i/ere JF^ti, (resp. J-'*^_J is the Selmer structure Tt^ (resp. T\) 
but local conditions at p are replaced by the strict (resp. relaxed) condi- 
tions in the sense of [MR04] Definition 1.1.6 and Definition \2. 3\ above. 

Proof. First injection follows from Leopoldt's conjecture, and the rest 
of the sequence is exact by class field theory (c./. [RubOO] Theorem 
1.7.3, proof of Theorem III.2.10 and [dS87] §111.1.7). □ 

Since ffStark.oo j-Qaps to tc"^^^^ under the map 



KS(T®A,^L^) -^KS(T,J-^) 

and since k^^^"^^ is primitive by the argument in |Biiy07a| following the 
proof of Theorem 3.9, it follows that ' is A-primitive. Therefore, 
by |MR04] Theorem 5.3.10 it follows that 

char (h^^^^ (F, T ® A)/A ■ /tf-'^--^ j = char (h^^. (F, {T ® 

Thus, using Proposition 14.81 we obtain: 
Corollary 4.9. 

char (^Loo/A ■ ^,00^ ^ ^^^^ {(Hr^jF, (T ® A)^ 

Assum^ now that one could choose a Kolyvagin system K/ ' in- 
side KS(T ® A, Jl^) so that Kf "'"'^•^ = ef-'^'-. 

Since maps /\^ H^{Fp, T® A) isomorphically onto h^o (and maps 
the element cp'^ G A" H\Fp, T ® A) to ef^'^'^) it follows that 



stark, 00 



/\ H\Fp, T ® A)/A • cZ"^ = h^/A ■ et 
hence 

Corollary 4.10. 

char (/\H\Fp, T ® A)/A • c'^^A = char (^H^^*JF, (T ® A)*)^) . 



^In |Buy07c| we show that this in fact is possible. 
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Let denote the Deligne-Ribet p-adic L-function attached to the 
character x (c-/ |DR80j for the construction of this p-adic L-function). 
In the spirit of |PR94a] . |PR95j and the exphcit reciprocity laws con- 
jectured by Perrin-Riou |PR94b] (and proved by Colmez |Col98] ) we 
state the following: 

Conjecture 4.11. C^p generates char (/\'' H''{Fp, T (g) A)/A ■ d"^"^^) . 

By Corollary I4.10[ Conjecture 14.111 is equivalent to Iwasawa's main 
conjecture over the totally real field F for characters x with the prop- 
erties ascribed at the beginning of ^4.3[ In particular, it is true by the 
work of Wiles |Wil90] . Of course, it certainly would be more desirable 
to prove Conjecture 14.111 directly then deduce the main conjectures. 
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Appendix A. Local Conditions at p over an Iwasawa 

ALGEBRA VIA (0, r)-MODULES 

Throughout this section let K denote a finite extension of Qp and 
set Kn := K{fipn), K^o := IJ^-ft'n. Set also Hk '■= Gal{K / Koo) and 
Tk '■= Gk/Hk = Ga\.{Koo/ K). Let 7 be a topological generator of 
the pro-cychc group Vk, and let Kk '■= IjpW^k]]- Let 7„ be a fixed 
topological generator of Gal{Koo/ K^) '■= r„ for n G Z"*", chosen in a 
way that 7n = 7i where G Z+ (so that [-ft'n : K] = p""). 

Let be the maximal pro-p extension of K inside Kn, and let 
[Jn^n ='■ Kao C K^q be the cyclotomic Zp-extension of K. We set 
Tk := Gal(Koo/i^) and A/< := Zp[[rx]]. Note then that 

f = ly X Tk, and that A;^ = Zp[W] Ak 

where is a finite group which has prime-to-p order (In fact W can 
be identified by Gal{K{iJ,p)/ K)). Let 7 denote the restriction of 7 to 
Koo', so that 7 is a topological generator of Tk- Let also 7„ denote the 
image of 7„ under the natural isomorphism 

Ga\ik^/kn) ^ G^\{K^/K) 

and set Hk := Gai{K / K^) (so that Hk/Hk = W). 

In |Fon90j . ^Fontaine introduces the notion of a (0,r)-module over 
certain period rings that he denotes by Opt (which really is the ring of 
integers of the field e^^ = Frac(C£S})); we also set Og^K) '■= (O^r)^'^. 
We will not include a detailed discussion of these objects here, we 
refer the reader to A. 3. 1-3.2 of |Fon90j for their definitions and basic 
properties. Briefiy, a (0, r)-module over ^^(k) is a finitely generated 
(9e(ft')-module with semi-linear continuous and commuting actions of 
and F := Tk- A (0, r)-module D over Oe(K) is etale if 4>{D) generates 
D as an 0£(i^)-module. 

Using his theory, Fontaine established an equivalence between the 
category of Zp-representations of Gk and the category of etale (0, F)- 
modules over 0^(^k)- The equivalence is given by 

See A.1 .2.4-1.2 .6 in |Fon90j . 

Herr |Her98 ] later showed that one may use (0, F)-modules to com- 
pute the Galois cohomology groups H*{K, T) . One of the benefits of his 
approach is that the complex he constructs with cohomology H*{K, T) 

^However, one should be cautious as Fontaine uses Kn for our Kn, etc. For example, 
his Tk is our Tk- 
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is quite explicit, which allows us to compute certain local Galois coho- 
mology groups of p-adic fields. In |Her01j . he gives a proof of local Tate 
duality, where again the pairing is fairly explicitly constructed (see §5 
of [HerOl] ) using the residues of the differential forms on O^^k)- The 
rest of this section is a survey of his result, and of its applications to 
Iwasawa theory following |BenOOj and |CC99] . 

In the theory of (0, r)-modules, there is an important operatoi@ 



P 

which will be crucial for what follows. It is a left inverse of 0, and its 
action on O^- commutes with the action of Gk- It induces an operator 

: D{T) — > D{T) 

for any G^-representation T. 
Let C^^^ be the complex 

C,,, : — DiT) JLliLlL D{T) © D{T) fZlll^W^ D{T) — 
Main result of |Her98] is: 

Theorem A.l. The complex C^^^ computes the Gx-cohomology ofT: 

(i) H°{K,T) ^ L)(T)'^=^'^=\ 

(ii) H\K,T) = D{T)/{ij- 1,^-1), 

(iii) There is an exact sequence 

7-1 vV'-iy 

Further, all the isomorphisms and maps that appear above are functo- 
rial in T and K . 

Definition A. 2. Let 

Hl{K,T) := lim(ifi(ir„,T)) and 

n 

Hl{K^,T) ■.= \im{H\K^,T)) 

n 

where the inverse limits are with respect to the corestriction maps. 



^ This definition makes sense because: 
• (j) is inj active. 
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Remark A. 3. Since the order of W is prime to p, it follows that 



w 



by Hochschild-Serre spectral sequence. 

We now determine the structure of H^^{Kn,T) using Theorem A{TJ 



Proposition A. 4. Define t^, := l + 7„_i + - ■ ■ + 7.^_i ^ ^p[[r_ft']]- Then 
we have a commutative diagram with exact rows: 

C^,^„{K„, T) : D{T) ^ D{T) ® D{T) ^ D{T) ^ 



T„®id 



id 



C^,^„_i {Kn-u T):0 D{T) D{T) © D{T) D{T) 

and the map induced from the morphism r* on the cohomology of 
C^^;y^{Kn,T) is the corestriction map under H err' s identification (The- 
orem AU\) 

H\C^^^SKn,T)) = H*{K^,T). 

Proof. T* is a cohomological functor and induces T^t^k^/k„-i 

it induces corestrictions on H\ □ 

Using Proposition AJUone may compute H*^{K,T): 

Theorem A. 5. 

(i) HliK,T) = 0zfi^l,2, 



(ii) Hl{K,T)^D{T) 



(iii) HliK,T)^DiT)/i^p-l). 

See §11.3 of |CC99j for a proof of this theorem. 

Remark A. 6. The isomorphism 

exp* : HliK,T) ^ DiTf=' 

of Theorem Aj5]is the map that will give rise to the conjectural p-adic 
L-function. 

Let C{T) := {(f)— 1)D(T)^^^. Since ip is a. left inverse of (p, it follows 
that 

ker{D(T)'^=^ — ^ C(T)} = D{Tf=^ 
hence we have an exact sequence: 

(13) — > D{Tf=^ — > D{Tf=^ ^ C{T) — > 

Using techniques from the theory of (0, r)-modules one can deter- 
mine the structure of C(T): 
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Proposition A. 7. C{T) is free of rank [K : QpJ-rank^pT as a Zp[[rA']]- 
module. 

Also one may check that D{T)'^^^ = T^'^ , which is finitely generated 
over Zp, hence is a torsion Zp[[rx]] -module. Thus, it follows from 
Proposition A|7]and Theorem Al5]that D{T)^=^ = Hl^iK, T)tors, the 
torsion sub module of H^-^{K,T). 

If we now take ly-invariance of the exact sequence [13], use the fact 
that taking ly-invariance is an exact functor; use Theorem AJHl Re- 
mark Aj3] and Proposition AJ7] we obtain: 

Theorem A.8.(see |CC99j ) 

(i) Hl{K,TU, = T"^, 

(ii) The Zp[[T K]]-module Hl^{K,T) / Hl^{K,T) tors is free of rank 
[K : Qp] ■ rank^^^T. 
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